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NOMENCLATURE 


F 

q 

GF(q) 

F n 

q 

x 

x(l) 

|S| 

IN 

w 

M 

n 

s, 

d(x y) 
d(x S) 

C 

[n k d] 

(q n M)R 

K (n R) 
q 

t [n k] 
q 

a(k X v) 
/3(k m n) 


Finite field if q is a prime power otherwise the set of 
integers modulo q 

Galois f leld with q elements 

The set of all n-tuples (words) over F 

q 

Element of F n 
q 

ith coordinate of x 
Cardinality of the set S 
Set of natural numbers 

The greatest integer less than or equal to x 

The smallest integer greater than or equal to x 

The combination of n things taken r at a time 

Hamming distance between the words x and y 

Smallest distance of x from a word m S 

Nonempty subset of F n called a q-ary code 

q 

A linear code of length n dimension k and minimum 
distance d 

A q~ary code of length n having M codewords and covering 
radius R 


Minimum cardinality of a q-ary code of length n and 
covering radius R 

The minimal covering radius of a q-ary code of length n 
and dimension k 



Schonheim lower bound 



AD[k A v] 


C(k A v) 

* 

AD [k A v] 
GD[k m A v] 
GD[k m v] 
GD(k m) 
TD[k A m] 
TD[k m] 
TD(k) 

GC[k m n] 
G(k m n) 

S (n 2) 


Covering design or ample design of a v-set with block 
size k such that every 2-subset is contained in at least 
A blocks 

Minimum number of blocks in an AD[k A v] 

A labelled covering design 

Group divisible design with k, m A v as the parameters 

Group divisible design GD[k m A v] with A = 1 

Set of integers v for which a GD[k m v] exists 

Transversal design with k A and m as parameters 

Transversal design TD[k A m] with A = 1 

Set of integers m for which TD[k m] exists 

Group covering design with k m and n as parameters 

Minimum number of blocks in a GC[k m n] 

Minimum number of rows in any 2-surjective matrix over 
the alphabets F with n columns 

m 


End of the proof 
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For a positive integer n let F n be the set of all n-tuples (called 

q 

words) over F ={0 1 q— 1} A q-ary code C of length n is a nonempty 

q 

subset of F n If C is in addition a subspace of F n then C is called a 
q q 

q-ary linear code 

The Hamming distance d(x y) between words x y e F n is the number of 

q 

coordinates in which they differ The sphere of radius R with center at x 

is the set B (x) = {y € F n d(x,y) ^ R} The cardinality of B (x) is 

R q R 

denoted by V (n,R) l e 
q 


R 

V (n R) = £ 

q i=o 


n 

l 


Cq-1) 


The covering 

radius 

of a 

code 

is the least 

positive integer R 

such 

that 

the 

spheres 

of l adius 

R 

around the 

codewords 

cover F n A 

q 

code 

C £ 

F n is 
q 

an 

(q n M)R 

code 

if 

U 

B (c) 

, R 

= F n 
q 

and U B 
_ ^ R- 

(c) * F n and 
i q 

l C i 

= M 

In 

the 


ceC 


dissertation we alwats assume tnat C is an (q n M)R code Denote 

A (x) = I {c a C d(x c) = t} | 

t 1 1 


For a given n and R let K (n R) = min{M a (q n M)R code exists} The 


q 

problem of determining the value of K (n,R) is known as covering problem In 

q 

particular for q = 3 R = 1 this is popularly known as the football pool 
problem' [81] 

Determining K (n R) is a hard combinatorial problem Only few exact 


q 



values for K (n R) are known Therefore, efforts have been concentrated in 
q 

finding good lower and upper bound for K (n R) (see the refererences) The 

q 

sphere covering bound is a trivial lower bound for K (n,R) and is given by 

q 

K(nR)i q n /V (n R) (1) 

q q 

Various analytical methods and counting arguments are used to improve 

upon the sphere covering bound The most significant improvement is due to 

van Wee [80] Its basic idea is to estimate the number of words that are 

covered more than once by Hamming spheres of radius R centered at codewords 

In [31] Honkala related the class of words that are at a Hamming distance R 

from the codewords to the covering design problem Later it was generalised 

by Zhang [88] In [12] Chen and Honkala extended the technique used m 

[31] to the case q a 3 and improved the lower bounds f or K (n R) for many 

q 

values n and R 

The aim of the present dissertation is to further improve the existing 

lower bounds f or K (n R) In the binary case the lower bounds are improved 
q 

by using simple observation of Zhang's [88] result and Honkala s [31] 

technique This gives nineteen improvements in [14 Table 6 1] For 

extending this technique to q a 3 a new combinatorial design called a 

group covering design has been introduced Many results are obtained in 

this regard and these are used along with some other lemmas to improve many 

values of lower bounds for K (n R) q i 3 

q 

Chapter II of the dissertation gives a brief survey of known results on 
covering codes and covering designs Besides this few results have been 
obtained about the covering designs which are a generalisation of some of 
the results of [21] and [53] Using this, Theorems 1-3 (given below) have 
been proved giving an improvement to Schonheim lower bound in some general 
situations Let X be a v-set (set with v elements) and let B be a collection 
of k-subsets (called blocks ) of X Then (X,B) is called a covering design 



ADik A v] if every pair of distinct elements from X is contained in at least 


A blocks Covering number C(k A v) is defined by 

C(k A,v) = min-f | SB I (X 23) is an AD[k A v] 


In [68] Schonheim has shown that C(k A v) £ 
and in [28] Hanani has proved the following theorem 


'v 

[A ( v - 1 )]" 

k 

Ik - 1 


= a(k A v) (say) 


Theorem 1 Let (X 23) be a covering design AD[k A v] If A(v-l) s 0 (mod 
(k-1) ) and Av(v-l)/(k-l) = -1 (mod k) then C(k ilv) i a(k A v) + 1 

We give an alternate proof of the above theorem It is extendable to 
some other general situations described in the following two theorems 

Theorem 2 Let (X 23) be a covering design AD[k A v], A(v-l) = 0 (mod 
(k-1)) and let Av(v-l)/(k-I) = -2 (mod k) If A(v-k) < (k-I ) (k-2) then 

C(k A v) 2 a(k A v) + I 


Theorem 3 Let v £ k > 3 be positive integers Let (X 23) be a covering 
design AD[k A v] A(v-l) = 0 (mod (k-1)) and let A(v)(v-l)/(k-l) = -3 (mod 
k) If 2A(v-h) < (k— 1 ) (k— 3) then C(k A v) £ cdk A v) + 1 

In Chapter III group divisible designs and group covering designs are 
discussed Hanani [28] gave the following necessary condition for the 
existence of a group divisible design 

Theorem 4 If a group divisible design GD[k m 1 mn] exists then 

(i) m(n-l) s 0 (mod (k-1)) (u) nn "(n-1) = 0 (mod k(k-l)) (m) n^k 

For n > k we prove a stronger necessary condition for the existence of 
a group divisible design GD[k m mn] This is stated in the following 

theorem 

Theorem 5 If a group divisible design GD[k m mn] exists and n > k then 
(l) m(n-l) s 0 (mod k-1) (a) nm 2 (n-l) = 0 (mod k(k-l)) (in) mn^k(k-l)+m 

The new condition (in) proves nonexistence of many group divisible 


design GD[k m,mn] 



In [28], Hanani has shown that if m £ k then a transversal design 
TD[k;m] will have two disjoint blocks. It is shown that the converse is 
also true. Few other general results about the group divisible designs are 
also established. 

Let m, n and k be positive integers with n a k a: 2. A triple 
(X,S*,$) where X is a finite set of mn points, § is a family of nonempty 
m-subsets (called groups) which is a partition of X and B is a collection of 
nonempty k-subsets of X (called blocks), is a group covering design denoted 
by GC[k,m;n] if 

(i) |G rj B I - 1 for every G e S* and every B € SB, 

1 i 1 ' j 1 i j 

(ii) Every pairset {x,y> £ X such that x and y belong to distinct groups is 
contained in at least one block of $. 

It follows immediately that a covering design AD[k,l;n] is a group 
covering design GC[k,m;n] with m = 1. The group covering number denoted by 
G(k,m;n) is defined as 

G(k,m;n) = min{ | $ | : (X,!?,$) is a group covering design GC[k,m;n]} 

A simple counting argument gives the following lower bound for G(k,m;n). 


Theorem 6 Let k, n and m be positive integers with n £ k £ 2. 


G(k,m;n) £ 


mn 

m(n-l) 1" 

~k 

k - 1 


B(k,m;n) (say). 


Then 

( 2 ) 


In [31], Honkala has also established a similar inequality. 
Improvement to inequality (2) are found in many situations and are used for 
improving the lower bounds for q-ary covering codes. Using the results of 
2-surjective matrices [69] many exact bounds for the group covering number 
are obtained. 

The following three theorems give improvement to the lower bound for 
G(k,m;n) given by (2). 

Theorem 7: Let (X,^,®) be a group covering design GC[k,m;n]. Suppose 


x 



that m(n-l) s 0 (mod (k-1) ) and nm 2 (n-l)/(k-l) = -1 (mod k) Then G(k m n) £ 
/3(k m n) + 1 


Theorem S Let (X $) be a group covering design GC[k m n] and let 
m(n-l) = 0 (mod (k-1)) and nm 2 (n-l)/(k-l) = -2 (mod k) If m(n-l)/(k-l) < 
(k+m-2) then G(k m n) 5: /3(k m n) + 1 

Theorem 9 Let (X ? B) be a group covering design GC[k m n] and let m(n-l) 

= 0 (mod (k-1)) and nm 2 (n-l)/(k-l) s -3 (mod k) If m(n-l)/(k-l) < —(k-1) + 

2 

m - 1 then G(k m n) £ /3(k m n) + 1 

Let A(mn+1 m+1) = C(m+1 1 nm+1) - a(m+l, 1 nm+1) Using the known 
bounds on covering number the following theorem further improves the bound 
given by (2) 


Theorem 10 Let m £ n - 1 Then G(m+l,m n) a p(m+l m n) + A(nm+1 m+1) 
The following two theoi ems give the exact bounds for G(kmn) 
for many class of group covering designs 


Theorem 11 If n(a 2) is a positive integer then 

f M-l 1 


C(n 2 n) = mm{M n ^ 


M e IN} where t =[M/2_|-1 


Theorem 12 Let k(a 2) n(a k) and v be positive integers with (v-1) s 
0 (mod(k-l)) v( v-1 )/( k— 1 ) s -2 (mod k) n = (v-1 )/(k-l ) and let v > 

k(k-2)+2 If thei e exists a minimum covering design AD[k 1 v] with 

C(k 1 v) = a(k 1 v) then there also exists a minimum group covering design 
GC[k k-1 n] with G(k k-1 n) = [n(n-l)(k-l)/k] 

As a special case of Theorem 12 we have the following two corollaries 
Corollary 13 For every positive integer n a 3 G(3 2 n) = [2n(n-l)/3] 
Corollary 14 For every positive integer n a 4 n * 6 

G(4,3 n) =[3n(n-l)/4] 


Let C be a binary covering code of length n and covering radius R 



The following notations as given in [80] and [31] are needed in Lemma 15 


below 


A = (x € F n 
2 

Z = (x € F n 

i 2. 


d(x C) * R - 1} 

|B (x) fj C| =1+1} 


E C (V) = E 
ceC 

f or i e IN 


B p (c) n v l - I u B J C] n v 


csC 


Z = U Z 

i 

i >o 


For all j 1 < j < R 


Y 

j 


x e Z fj A 
the 


the largest pairwise distance between 
elements in (B (x) n C) is 2j or 2j - 1 

R 


The following two results are proved in chapter IV 

Lemma 15 For every x e Y n Z E_(B (x)) 2 : c 

J J 1 1 1 C 2 1J 


£ = (l + l) 

1 + (n-R+l)R + 

' R ' 

+ 

' R+2 1 

C(R+2 

ij 

m 

2 

y 

J 

. 2 , 



where 

1 n-R-ij+1) - V (n 2) 
2 


Theorem 16 Let n a 2R + 1 Then 


K(n R) £ 


where e = 


( R+2 1 
2 


C(R+2 1 n-R+1) - 


p = 2 + n(R-2) 


( R-2 ] 
2 


if R = 1 


2) - p 

+ £) 2 n 


i V (n 

2 

R) + cV (n R-; 
2 

f n-R+1' 


r R ' 

l 2 J 

’ a j ~ 

2 

M 2 = 

= min t 

A + 
J 


i2i \ 


1 ^ J2SR 



+ j(R-j) + 


e - c 

ij 


M- = 


min{ii p } if R 2 2 
1 2 


The above theorem when applied to particular values of n and R gives 
ninteen improvement in [14 Table 6 l] 

In Chapter V of the dissertation we use group covering numbers to give 
a better estimate of the excess in comparison to [31] The following two 
results are proved 


Let C £ F be a covering code with covering radius R Then 
q 


Lemma 17 



min -jA (x) A (x) = A (x) = = A (x) 

_n R+l 0 1 R - 2 

xeF t 


R + 2 


R-l 


1 „ 

'n - R + 1 

(n-R ) (q-1) 

r 

R + 1 

R 


Theorem 18 Let q £ 3 and n > R Then 


(V ( n , 2 ) - n + e) q 

K q (n R) “ (V (n 2) - id) V (n R) + eV (n R-2") 


where 


M ri = 1 + n(q-l) + (R-i)(n-R/2)(q-l)‘ 


M r = 1 + R(n-R+l)(q-l) + 


' R ' 
v 2 , 


(q-1)' 


M 


R+l 


f R+2 1 
2 


+ R(R+l)(q-2) 


e = 
l 


R+2 

2 


G(R+2, q-1, n-R+1) 


- ( T ) 


(q-1)' 


e = min i 

A (x)£l 

R+ 1 

A (x)£0 

R+ 2 


M + A (x) M + A (x) 

R-l R+l R+l R+2 


m - 


V (n,2) 
q 


1 2=1 


e = min iM + (i+i ) M + A (x) 


0 R+l R+2 


R+2 ) 
2 


- V (n 2) 
q ) 


\ 


A ( x ) — 0 

R+ 2 


^0 = 


nunte^ ej 

R+2 ) 

2 


(q-1) + (R-2)(n-R+3)(q-l) + 2 


H = 2R - R + 1 - e 


H = 


M 1 if R = 1 

minify, if Ri 2 



CHAPTER I 


INTRODUCTION 

Let F be an alphabet consisting of q elements In order to have an 
q 

algebraic structure F is usually taken to be a finite field of q elements 

q 

if q is a prime power otherwise F is the set of integers modulo q In any 

q 

case the set F ={012 q— 1> is used to denote the elements of the 

q 

alphabet F For a positive integer n, let F n be the set of all n-tuples 
q q 

over F (an n-dimensional vector space if q is a prime power) Elements of 
q 

F n are called words A covering code C is a nonempty subset of F n such 
q q 

that every word in the set F n is within a specified Hamming distance R the 

q 

covering radius of at least one codeword (an element of C) Determining 

K (n R) the minimal cardinality of a covering code of length n and covering 
q 

radius R is a difficult task in general It is popularly known as the 
covering problem The origin of the covering problem dates back to 1948 
when Taussky and Todd [76] considered it in a restricted sense as certain 
industrial problem In the earliest papers this problem has been studied 
by many l eseai chers in the group theoretic context [17] [49] [51] [70] 

[76] [86] and [87] Over the years the problem was reformulated and 

generalised many times 

Actually prior to the publication of the paper [76] b> Taussky and 
Todd the covering problem was a favourite among football pool enthusiasts 
in European countries In one entry in a football pool one forecasts the 

outcome of n football matches (win, lose or draw) To win the first prize 
all f orecasts have to be correct If one wishes to guarantee winning the 
first prize, irrespective of the outcome of matches, then one has to submit 

3 n entries To win the second prize one of the forecasts may be incorrect 



In order to guarantee the second prize we consider each entry as a word in 
F n If the set of entries has covering radius one then winning at least the 
second prize is guaranteed, no matter what the outcome of the matches is 
The set of entries is called a football pool system and the number of 
entries is usually denoted by ir(n3) or cr for example see [14], [20] 

n 

[38] [42], [79] and [83] For further discussion of the early history of 

the football pool system see [81] In terms of the code parameter 

cr(n 3) = K (n I) 

3 

In recent years, covering codes have found applications in 
Cryptanalysis of Stream Ciphers [39] Minmax Constraint Binary Vector 
Quantisation (MCBVQ) method (studied for improving subjective quality of 
compressed binary images) [85] distribution of resources in hypercube 
computers [48] coding of speech [22] data compression and data 
transmission [15] A number of other applications of covering code are 
mentioned in a recent book by Cohen et al [14] 

In the earliest papers [10], [36]-[38], [49], [51], [67], [71], [73], 

[76] [86] and [87] only codes with covering radius 1 were treated It is 

only a development of the early eighties that the Covering codes and the 

covering radius of codes received attention of many researchers, see [14] 

for an extensive list of papers on these topics Exact values for K^(n,R) 

are known only for some special values of the parameters q n and R In the 

general case, efforts have been concentrated to obtain good lower and upper 

bounds on K (n,R) Good lower bounds are obtained by various analytical 

q 

methods, whereas for the upper bounds, explicit constructions are given for 
the covering codes [65] 

In early eighties, most improvements e g , see [16] and [30] on lower 
bounds for the minimal cardinality of a covering code are due to the 

quantity A(n d), the maximal number of codewords in any binary code of 



length n and with minimum distance d (cf [50 p 523]) However the most 

significant improvement on the general lower bound was due to van Wee 

[80] [82] van Wee introduced the concept cf excess and gave an estimation 

for the number of words that are covered more than once This gave many 

improvements on the earlier known lower bounds on K (n R) Using van Wee' s 

q 

method Honkala [31] and Hou [34] further modified lower bounds on K (n.R) 

2 

Later Chen and Honkala [12] extended this technique to the case q £ 3 and 

obtained improvements in the lower bounds on K [n R) q a 3 Zhang [88] and 

q 

Zhang and Lo [89] used Hamming Association scheme [50 p 656] to link 

covering codes to covering designs and obtained linear inequalities 

satisfied by covering codes These linear inequalities lead to better lower 

bounds on K^n R) In [44] Li and Chen generalised van Wee s and Zhang' s 

methods to obtain further improvements on the lower bounds for K^fn R) It 

has recently been discovered that an early paper [35] by Johnson contains 

e g the main approaches described in [80] and [88] In [23] Habsieger 

introduced a new technique to further improve the lower bounds f or R = 1 

Recentlv using some simple observations Bhandari and Durairajan [9] gave 

mam improvements on the lower bounds for K (n R) 

q 

The aim of the present dissertation is to further improve the general 

lower bounds on K (n R) The mam techniques and methods used in this 
q 

dissertation is of combinatorial nature Using some simple observation on 
Zhang s result [88] we generalise Honkala' s technique [31] This 

generalisation gives nineteen improvements in [14 Table 6 1] for the lower 
bounds on K (n R) For extending this technique to the case q a 3 we have 
introduced a new combinatorial design called group covering design It can 
be seen as a generalisation of the well-known covering design (see [57] for 
extensive references on covering designs) We obtain a f ew results on group 
covering designs Using those results many improvements m the existing 



lower bounds for K (n R) q £ 3 are obtained 
q 

This dissertation is divided into six chapters Chapter II contains 
preliminary def mitions and a bi lef survey of known results on the covering 
codes and covering designs Some new results on general improvements of the 
Schonheim lower bound for covering designs are also presented An updated 
table from [14] for the covering number is included for the sake of 
completeness 

Chapter III is the most important part of this dissertation The first 
section in this chapter includes a few new results on group divisible 
designs A stronger necessary condition f or the existence of group 
divisible design [Theorem 3 13] is presented In the second section of 
this chapter a new combinatorial design called group covering design has 
been introduced Group covering designs apart from being a generalisation 
of covering designs is also interesting in its own right In chapter V, we 
have related it to q-ary covering codes and have improved many lower bounds 
on HnR) A few results on the group covering designs are established 

Exact bounds for many class of group covering numbers are given Tight 
upper and lower bounds f or group covering number are also derived in 
general Finally a table is constructed for group covering numbers for 
different group size 

Chapter IV of this dissertation is devoted to determining better lower 
bounds for the minimal cardinality of binary covering codes Honkala [31] 

has related the class of words m F" that are at a Hamming distance R or R-l 

to exactly one codeword of a covering code with a given covering radius R, 
to the covering design problem We use a simple observation of Zhang' s 
result [88] to relate the class of words in F" that are at a Hamming 

distance R or R-l to one or more codewords, to the covering design problem 
hence generalising Honkala' s method Using the method of estimation of 



Honkala [31] we obtain nineteen improvements in the lower bound for 

K (n R) 

2 

In Chapter V we relate q-ary covering codes (q ^ 3) to group covering 
designs Using some basic lemmas which have been proved in this chapter and 
the results of Chapter III we are able to improve the lower bounds f or 
many pair of values of n and R q a 3 Essentially the results of this 
chapter are a generalisation of the results of the preceding chapter 

The thesis concludes with some general remarks in the last chapter 



CHAPTER II 


PRELIMINARIES AND SURVEY 

A nonempty set F with two binary operations + and is a Field, if 

( 1 ) (F +) is an abelian group ( 11 ) (F\{0) ) is an abelian group 

(in) distributive laws hold If in addition F is a finite set F is called 

a finite field A finite field with q elements exists if and only if q is a 

prime power A finite field with q elements is unique upto isomorphism and 

is called the Galois field denoted by GF(q) Let F be an alphabet 

q 

consisting of q elements If q is a prime power F is taken as the Galois 

q 

field GF(q) otherwise F is the set of integers modulo q For the sake of 

q 

convenience F ={012 q— 1> is used to denote the elements of the 

q 

alphabet F^ Any element x = (x j xj of F n the set of all n-tuples 

over F is called a word The Hamming distance d(x y) between two words 
q 

x y e F n is the number of coordinates m which they differ 1 e 
q 

d(x y) = | {1 x(i) * y(i)} | 

A q-ary code C of Length n is a nonempty subset of F n C is called a 

q 

binary code if q = 2 and a ternary code if q = 3 Moreover if C is a 

subspace of F n then C is called a linear code The elements of C are called 
q 

codewords The minimum distance d of a code C is the smallest of the 

Hamming distance between any pair of distinct codewords If C is a 

k-dimensional subspace of F n with minimum distance d then C is called an 

q 

[n k d] code (or simply an [n k] code if the minimum distance of the code is 
not specified) If C is not linear and [C| = M C is called an (n M d) 

code 

Let x e F n A sphere of radius R with center at x is the set 


B (x) - <y e F n d{x,y) =s R> (2 1) 

R q 

while a ring of radius R with center at x is the set 

S (x) = {y 6 F n d(x,y) = R) (2 2) 

R q 

If R = 1, such a sphere is often called a rook-domaln [10], [67] It is 

easy to see that 

V (nR) = j B (x) | = E M(q-D k (2 3) 

k=o'- ' 

The index q is usually omitted in the binary case For other basic 

definitions the reader is referred to [14] and [50] 

2 1 Covering Codes 

A q-ary code C is called an R-covering of F n ( i e a covering code ) 

q 

if every word in F n is within the Hamming distance R from some codeword in 
q 

C In other words 

F n = U B (c) ( s B (C) ) (2 4) 

q ceC R R 

The minimal value of R for which (2 4) holds is called the covering radius 
of C A q-ary covering code of length n, cardinality M and covering radius 
R is called a (q,n,M)R code (a (n,M)R code if q = 2) The notation, t [n,k] 

q 

is used for the minimal covering radius of an [n,k] code Usually q, n, k, 

d and R are called the parameters of a code Another important parameter of 

a code is KMn R) the minimal cardinality of a covering code of length n 

and covering radius R In other words, it is defined by 

K (nR) = min{M a (q,n,M)R code exists) (2 5) 

q 

The index q is usually dropped in the binary case Determination of KMn 1) 
is usually referred to as the football pool problem (See [14], [20], [38] 
[42], [79], [83]) A (q,n,M)R code with M = K (n,R) Is called an optimal code 


7 



An obvious lower bound on K^n.R) is given by 

K (n,R) a q n /V (n,R) (2 6) 

i q 

It is known as the sphere covering bound It is obtained by counting the 

number of elements on both side of (2 4) For given q, n and R, the 

equality in (2 6) holds if and only if the code is perfect i e spheres 

B r (c) on the right hand side of (2 4) are disjoint In the early seventies 

van Lint [45] and TietMvainen [77] showed that if cj is a prime power, then 

the only nontrivial perfect codes are codes with the same parameters as the 

Hamming and the GoLay codes (see [46] for a survey on these results) In 

case q is not a prime power, the only known perfect codes are the trivial 

perfect codes (those with R = 0 or R - n) [7], [8], [41] and [66] Besides 

perfect codes, the codes for which the exact values of K ( n, 1 ) were known in 

q 

early seventies are the following K (3,1) = f(q 2 + i)/z] [36], K (q + 1,1) 

q 1 1 pq 

= pV" 1 . if q is a prime power [10], [37], [67], K (4,1) M and K (5,1) = 

2 2 . 

7 [76] K (6,1) = 12 [72], K (8,1) = 32 [73], K (5 1) = 27 [38] and K (4,1) 

^ 3 4 

= 24 [71] The only result added to this list m the last two decades is 

due to Johnson [35] (later rediscovered by van Wee [80]) and is given by 

K 2 (2 k l)=2 Z_k k = 1,2, (2 7) 

This clearly indicates the complexity of calculating the exact values of 

K^(n,R) In eighties, many researchers [15], [16] and [22] obtained bounds 

on the covering radius of binary code which is closely related to 

determining K(n,R) However, this hardly improves the sphere covering bound 

on K(n R) In [80] van Wee introduced the concept of excess and obtained 

improvements of the sphere covering bound for many pair of values of n and 

R Following the notations of [80], the excess E_(V) on V(S F n ) by a code 

C q 

C £ F^ with covering radius R is given by 

E C (V) = l |B (c) n V| - I U B (c) n V| ( 28 ) 

ceC ceC 



For each 1 = 0 1 2 


let 


Z (C) = {x e F n |B (x) n Cl = l + 1} 

1 q 1 R 1 1 1 

and 


(2 9) 


Z(C) = U Z (C) = {x e F n 
1 q 

i >o 

We denote Z(C) and Z (C) by Z and Z 

i i 

Lemmas 1 and 4] has shown that 

E r (F n ) = I Cl V (n R) - q n 

U q 1 1 q 

E C (V)= 1 1 ! z , n v I 


B (x) n cl > 1) (2 10) 

1 R III 

respectively Then Van Wee [80 


(2 11 ) 
(2 12 ) 


and 


I Cl V (n R) - q n = £ i|Z I (2 13) 

1 1 q 1 i 1 

1 

By estimating the number of words in F n that are covered more than once 

q 

by the spheres of radius R around codewords van Wee has proved the 
following two theorems 


Theorem 2 11 [80 Theorem 9] For all n R e IN with n > R we have 


K(n R) s 


In - R + e' )2 


(n - R)V(n R) + e V(n R-l) 


(2 14) 


where 


e'= (R + 1) 


n + 1 


R + 1 


- (n + 1) 


(2 15) 


Theorem 2 12 [80, Theorem 10] For all n R s N with n £ 2R we have 

( V(n 2) - p + c )2 n 

K(n,R) “ ( V(n 2) - p) V(n R) + c Q V(n R-2) (2 16) 

where 

M = (R-l)(R+2)/2, (2 17) 




(2 18 ) 


In [31] Honkaia has modified the van Wee*s bound He has shown that 
the estimation of the excess on spheres of radius 2 centered at the points 
which have distance R-l or R to the code C and are covered by exactly one 
codeword is related to the pair covering problem and has proved the 
following two results 


Lemma 2 13 [31 Lemma 6] Suppose that C is an (n M)R code n a 2R + 1 
and x e A\Z where A = {x e d(x C) a R-l) and Z is as in (2 10) with 

q = 2 Then 

|B r+2 (x) p| Cj a 1 + C(R+2 1 n-R+1) (2 19) 

and 

E c (B z (x)) a c 0 + (C(R+2 1 n-R+1) - m^ R * 2 j (2 20) 

where 

m = 

0 

Theorem 2 14 [31 Theorem 2] Assume that n a 2R + 1 and denote 




(2 21 ) 


(2 22 ) 


where 



if R = 1 


(2 23) 


[ min{/i n }, if R i 2 

Note In [31] the notation f(v k) is used for the covering number 

C(k 1 v) 

In [12] Chen and Honkala extended this idea to q-ary covering codes 
and has proved the following two results 


Lemma 2 15 [12 Lemma 5] Assume that x e A\Z where A = {x 6 (F n d(x C) 

q 

£ R-l} and Z is as m (2 10) Denote 


M 

R-l 

= 1 + n(q-l) + (R-l)(n-R/2)(q-l) 2 

(2 24) 

M 

R 

= 1 + R(q-l)(n-R+l) + 

(q-1) 2 

(2 25) 

M 

R+l 

R 4-9 

= 2 + R ( R+1 Hq-2) 


(2 26) 


r(x) = 


'R+2' 
, 2 , 


f r~i , o'! 1 


-x/ 


R+2 

2 


+ x 


if X 2: 0 

if x > 0 


(2 27) 


l = f(n-R)(q-l)/(R+l)] and = ( R+l ) i q - (n-RKq-1) 

If d(x C) = R - 1 and |B (x) n Cl =1 then 

1 r+i 1 1 1 





r R+2 

'(n-R+l)(q-l) 

’(n -R ) (q-1 ) 


r n-R+l' 

c — 

1 

2 

^ / 

R+2 

R + 1 


l 2 


(q-l)‘ 


If d(x C) = R - 1 and B (x) n C >1 then 

R+l 1 ' 


E_(B (x) i e = min|i(R+l) + r( M + lM - V (n 2) 
C 2 2 R 1 R+l q 

l >o t 


If d(x C) = R then 


E^(B 2 (x)) - g 3 = mm ji(R+l)+E 0 + r( + (i+i q )M r+i 
1 >0 


- V (n,2) - i(R+l) - e ) 

q 0 


(2 28) 


i(R+l))| (2 29) 


(2 30) 



Therefore for any x c A\Z, we have 


E_(B (x)) — c — mm {e e c } 
C 2 12 3 


(2 31) 


Theorem 2 16 [12 Theorem 4] Assume that q i 3 and n > R Then 


(V ( n 2) - ii + e ) q n 

K q (n R) * (V (n 2) - p)V (n R) + cV (n R-2) 
q q q 


(2 32) 


where e is as in Lemma 2 15 and 




fR-2 
2 


( q— 1 ) + (R-2)(q-l)(n-R+3) + 2 


fi = 2R 2 - R + 1 - e 

'l 

( |i if R = 1 

Ii = \ 1 (2 33) 

I mm{u u } if R s 2 
v 0 1 

In [88] Zhang has used the quantity C(k 1 n) to derive a linear 
inequalit} for binary covering codes In particular he has proved the 
following result 


Lemma 2 17 [88 Lemma 4] Let C be a binary covering code with length n 
and covering radius R Let A (x) = | {c € C d(x c) = R) | Then 

min+A (x) + A (x) A (x) = = 

[ R+i R+2 o 

A (x) = 0 A (x) + A (x) = kj £ C(R+2 1 n-kR+1) (2 34) 

R-2 R-l R J 

In other words for x s A n Z where A and Z are as in Lemma 2 1 3 

1 1 k-i k 

and (2 9) with (q = 2) respectively 

|B (x) n C| £ k + C(R+2 1 n-kR+1) 

R+2 1 1 

Note In [88] the notation C(n,k 2) is used for the covering number 
C(k,l n) 

A simple observation of the above result (2 34) gives a better 
estimation of the excess than in [31] for the points which have distance R-l 



or R to the code C and are covered by more than one codeword This is used 
to modify the lower bound on K(n,R) further It will be discussed in detail 
in Chapter IV of the present dissertation 

2 2 Covering Designs 

Let X be a finite set of points and let B = {B 1 e 1} be a collection 
of subsets (not necessarily distinct) of X called blocks The pair (X,B) 
is called a design 

Let v i k 2: 2 and A be positive integers A design (X B) is called a 
balanced incomplete block design (BIBD) denoted by B[k A v] if 
(i) |X| = v 

(n) Every block has size k 

(ill) Every pairset {x y) £ X is contained in exactly A blocks of B 

Using a simple counting argument Hanani [28] proved the following 
necessary conditions for the existence of a BIBD 

Theorem 2 2 1 [28] If a BIBD B[k A v] exists then 
( l) A(v-l) = 0 (mod (k— 1 ) ) 

(2 35) 

(xi) Av(v-l) = 0 (modk(k-l)) 

For 3 £ k s 5 and v & k , Hanani [26] [27] has proved that condition 

(2 35) is sufficient with the exception v = 15 k — 5 and A = 2 On the 

other hand there are many known cases in which condition (2 35) is not 

sufficient For example the following inequality of Fisher gnes a general 

result on the nonexistence of BIBD's with parameters v k and A satisfying 
the condition (2 35) 

Theorem 2 2 2 [Fisher's inequality] Let v > k and let B[kA\] be a BIBD 
Then 

Av( v-1) 
k(k-l) 


2= V 


(2 36 ) 



Thus it follows that BIBD's B[6 1 16] B[6 1 21] B[10 3 25] B[12 2 34] 


etc do not exist Hence efforts have been concentrated to find the 

parameters A k and v for which BIBD B[k,A v] exist (cf [18] [28] [29] 
[60] [61] and [90]) In [84] Wilson has proved that condition (2 35) is 
sufficient for sufficiently large v For further discussion on BIBD see 
[91] 

For given A k and v BIBD' s do not always exist To deal with such 
cases the notion of covering designs were introduced 

Let X be a v-set (a set of v elements) and let B be a collection of 
k-subsets of X (called blocks) The pair (X B) is called a covering design 
or an ample design denoted by AD[k A v] if every 2-subset of \ is contained 
in at least A blocks of B A 2-subset is said to be covered p times extra 
if it is contained in exactly (A + p) blocks of B The replication number 
of an element of X is the number of blocks that contains the element 

A covering design AD[k A v] with b blocks is said to be minimum if for 
any AD[k A v] with b' blocks one always has b ^ b' The co\ering number 
C(k A v) is the number of blocks in a minimum covering design AD[k A v] 
Determining C(k A v) is also known as pair covering problem. It is easy to 
see that a covering design AD[k A v] will be a BIBD B[k A v] if and only if 
C(k A v) = Av( v— 1 )/(k(k— 1 ) ) Hence for positive integers A k and v(£ k) we 
have 


C(k A v) £ 


Av( v — 1 ) 
k(k-l) 


In [68] Schonheim has shown that 


C(k Av)i 


v [~A ( v — 1 ) 
k k - I 


a(k A v) 


(2 37) 


where [x] is the smallest integer greater than or equal to x a(k,A v) is 
called Schonheim lower bound for pair covering problem 

The study of covering numbers began with the paper of Fort and Hedlund 



[21] They solved the problem of covering of pairs by triples (3-subsets) 
by showing that (for A = 1) 

C(3 1 v) = a(3 1 v) 

for all v i 3 Haggard [24] extended this problem to arbitrary A and proved 
that 

f a(3 A v)+l if both v = A = 2 (mod 3) and A(v-l) is even 
C(3 A v) = J 

[ ct(3 A v) otherwise 

It was also determined independently by Hanani [28] using group 
divisible designs and incomplete covers 

For k = 4 C(k A v) is known (cf [1] [32] [52] and [53]) to meet 

the Schonheim lower bound except for the following four values of v (all 
with A = 1) in which case Mills [52] [53] showed that 

f a(4 1 v) + 1 if v = 7 9 10 
C(4 1 v) = \ 

[ a(4 1 v) + 2 if v = 19 

The bound for v = 19 was obtained with the help of a computer [53] 

For k = 5 the determination of covering number is still incomplete 
For A = 1 the smallest value of v for which C(5 1 v) is still unknown is v 
= 28 For results on covering of pairs by quintuples see [3]— [5], [26] 
[43] [56] [58] [59] and [62] For an excellent survey on these topics 
see [57] 

Few results are known for the case k £ 6 In [31] Honkala has proved 
a general result (with A = 1) for the covering number with certain condition 
on v It is shown that C(k 1 v) > a(k l,v) for large k The following 
result of Honkala shows that Schonheim lower bound can be improved by 2 or 
more in many cases for A = 1 


Theorem 2 2 3 [31] Suppose t £ 2, k £ 2 and s t are integers and l = 0 



or 1 Denote |3 = f"(s - 1 + i)/(t - 1)] Then 


if 


C(k, 1, t(k-l)+l) i t 2 + s 


k > max 


t + 1 - l + /3, 


2t 2 + t f/3-2) ] 
t + 1 - s / 


Since a(k, 1 t(k-l)+l) = ft 2 + t(l-t)/k] s t 2 the above result shows 
that for large enough k the difference C(k 1 v) - a(k 1, v) assumes large 
values 

In [28], Hanani has proved the following theorem which improves 
Schonheim lower bound by 1 in certain general situations 


Theorem 2 2 4 [28] Let (X 2) be a covering design AD[k,A,v] If A(v-l) - 
0 (mod (k-1)) and if Av(v-l)/(k-l) h -l (mod k) then 

C(k A,v) a(k,A,v) + 1 


Using a simple counting argument, we give below an alternative proof 
for the above theorem Our proof is extendable to two other general 
situations 

Let (X,2) be a covering design AD[k A v] For each x e X, let f(x) 
denote the number of blocks in 2 that contain x Since there are exactly 
( v— 1) distinct pairsets of X containing x and a block, that contains x can 
cover (k-1) of these pairsets 


f (x) a 


A(v-l) 
k - 1 


= m (say) 


t 

If f (x) = A(v-l)/(k-l) then every pairset containing x is covered exactly A 
times let g(x) = f(x) - m £ 0 Then the following Lemma is immediate 


Lemma 22 5 Let (X,2) be a covering design AD[k,A,v] and A(v-l) = 0 (mod 

(k-1) If (x,y) c X and g(x) = 0 or g(y) = O then (x,y) is contained in 
exactly A blocks 



Lemma & z b Let (A,JtS) be a covering design AL)[k A,vJ and A(v-l) = u mod 
( (k-1) ) If X g(x) > 0 then £ g(x) a 2 

x€X x€X 

Proof Let a e X such that g(a) > 0 Hence there exists a pairset {a b} c X 
which is contained in more than A blocks Therefore g(b) > 0 and hence 

E g(x) - 2 ■ 

xex 

Proof of Theorem 2 2 4 If possible, suppose C(k,A,v) = a(k A v) By the 
hypothesis 


a(k,A,v) 


Av{v-1) + (k-1) 
k(k-l) 


Now 


E g(*5 = E Hx) “ vm 

x<=X x6X 


= k a(k A v) 


Av( v- 1 ) 
k - 1 


= 1 > 0 

which is pot possible from the above Remark 2 2 6 ■ 


Lemma 2 2 7 Let v, k and A be positive integers with v > k s 3 If (X,B) 
is a covering design AD[k,A,v] such that A(v-l) s 0 (mod(k-l)), 

Av(v-I)/(k-l) a -2 (mod k) and |2| = a(k,A,v) then there exists a unique 

pairset (a,b) £ X which is contained in exactly (k+A— 1) blocks of S and 
every other pairset of X is contained in exactly A blocks of B 
Proof From the hypothesis we have 

,, - Av(v-l) + 2( k-1 ) ro 

“ ,k A ' v) mm — 12 3S) 

by (2 37) For any element x e X let f(x) be the number of blocks in S 
that contain x Since there are exactly (v-1) distinct pairs of X that 

contain x and since a given block of B contains at most (k-1) of them, we 
have f (x) £ A(v-i)/(k-l) Clearly f(x) > A(v-l)/(k-l) if and only if there 
is a pair containing x that is contained in more than A blocks of E Now 


I f (x) = k a(kA,v) = 2 + Av(v-l)/(k-l) (2 39) 

xeX 

by (2 38) Hence there is at least one pairset that is contained in more 
than A blocks of B Let {a b> be such a pairset Then we have 

f (a) £ 1 + A(v— 1 )/(k— 1), f(b) £ 1 + A(v-l)/(k-l) 

and f(x) — A(v— l)/(k-l) for x e X x i (a,b) Since (2 39) holds we must 

have 

f (a) = f(b) = 1 + A(v-l)/(k-l) 

and f(x) = A(v-l)/(k-l) for x e X x d {a b> Therefore {a b) is the only 

pairset that is contained in more than A blocks of B Since each block of B 
fk) 

contains k distinct pairs and there are a(k A v) blocks in B the total 

number of pairs that is contained in blocks of £ is 

k(k-l) . , Av(v-l) n 

— - a(k A v) = g + (k— 1) 

by (2 38) Hence {a b) will occur (k— 1 ) extra times ie (a b) is contained 

in (A+k-1) blocks of £ and all other pairsets of X is contained m exactly 
A blocks of £ ■ 

For A = 1 the following two corollaries (originally due to Fort and 

Hedlund [21] and Mills [53]) are a special case of Lemma 2 2 7 

Corollary 2 2 8 [21 Theorem 4] If v = 6t + 5 and B is a collection of 

a(3 l,v) triples that covers all the pairs of a set X of order v then 

there is one pair that occurs three times in these tuples while all other 
pairs occur exactly once 

Corollary 2 2 9 [53 Theorem 5] If v = 7 or 10 (mod 12) and if £ is a 

collection of a(4 1 v) quadruples that covers all pairs of a set X of order 

v, then there is one pair that occurs four times in these quadruples while 
all other pairs occur exactly once 



Theorem 2 2 10 Let A v and k be positive integers v > k == 3 A(v-l) = 0 

(mod(k-l)) and let Av(v-l)/(k-l) s -2 (mod k) If A(v-l)/(k-l) < X + k - 2 
then C(k X v) a a(k X v) + 1 

Proof Suppose (X S) is a covering design AD[k X v] such that [ S | = 

a(k,X v) By Lemma 2 2 7 there exists a unique pairset say {a b) £ X 

which is contained in exactly X + k - 1 blocks of $ Following the same 
argument as in the proof of Lemma 2 2 7 the number of blocks of B that 
contains a f(a) is A(v-l)/(k-l) + 1 Hence 

f (a) = A(v-l)/(k-l5 + l > X + k - 1, 
a contradiction Thus the result follows ■ 

For X = 1 Theorem 2 2 10 gives the following corollary 

Corollary 2 2 11 Let k s 4 be a positive integer then C(k 1,2k— 1) 2: 

a(k 1 2k-l) +1=5 

As a consequence of Corollary 2 2 11 C(4,l 7) £ 5 [53] C(5 19) a: 5 

[54] etc 


Lemma 2 2 12 Let v k and X be positive integers with v > k 2 4 If 
(X,$) is a covering design AD[k A v] such that X(v-l) = 0 (mod (k-ll) 

Xv(v-l)/(k-l) = -3 (mod k) and |B| = a(k X v) then there exists three 

pairsets (s t> {t u) (u s> of X which are contained in exactly X + — (k-1 ) 

blocks of $ and even other pairsets of X is contained in exactly A blocks 

of 2 

Proof By the hypothesis and (2 37) 


a(k,A v) 


Av( v-1 ) + 3 ( k— 1 ) 
k(k-l) 


(2 40) 


For any element x s X let fix) be the number of blocks in 2 that contain x 
Since there are exactly (v-1) distinct pairs of X that contain x and since 
block contains at most k - 1 of them we have f(x) 2 A(v— l)/(k-l) 


a given 



Clearly f(x) > X( v— 1 )/(k— 1) if and only if there is a pair containing x that 

is contained in more than A blocks of S Now 

£ f(x) = k a(k 1 v) = 3 + Av(v-l)/(k-l) (2 41) 

xeX 

by (2 40) Hence there is at least one pairset that is contained in more 

than A blocks of S Let {s t> be such a pairset Then we have 
f (s) £ 1 + A(v— l)/(k— I), f(t) £ 1 + A(v-l)/(k-l) 

and f(x) & A(v— l)/(k— 1) for x € X x & {s t} Observe that 

^ a(k A v) = - + |(k-l) (2 42) 

by (2 40) If f (s) = 2 + A(v-l)/k-l f(t) = 1 + A(v-l)/(k-l) and f(x) = 

A(t-l)/(k-l) x e X x g {s t> then by (2 42) and Lemma 225 the pairset 

3 

{s t) will be contained m A + g(k-l) blocks of B and all other pairsets of 
X will be contained in exactly A blocks of B i e f(s) = f (t ) a 

conti adiction Hence there exists u s X u <t (s t> such that 

f(s) = f(t) = f(u) = 1 + A(v-l)/(k-l) 

and f(x) = A(v— l)/(k— 1) for x e X \ £ {s t u} Hence b) Lemma 2 2 5 the 

pairs which are contained in more than A blocks of B will contain onh the 
elements of the set {s t u) Since f(s) = f(t) = f(u) each of the pairsets 
{s t} {t u> and {s u} will occur m extra equal number of times 1 e the 
pan sets 1st) (t u) and {us) vull be contained in exactly A + Jj-(k-l) 
blocks of B and all other pairset of \ will be contained in exactly A blocks 
of £ ■ 

Theorem 2 2 13 Let A v and k be positive integers, v > k ^ 4 A(v-l) = 0 

(mod (k— 1) ) and let Av( v— l)/(k— 1) = -3 (mod k) If A(v— l)/(k— 1) < A + 

i(k-3) then C(k Av) 2 a(k A v) + 1 

Proof Suppose (X B) is a covering design AD[k,A,v] such that |B| = 

a(k A v) By Lemma 2 2 12 there exists a pairset {s t} £ X which is 



contained in exactly A + ^(k-1) blocks of B Following the argument as m 
the proof of 2 2 12 the number of blocks of B that contains s f(s) is 
A(v-l)/(k-l) + 1 Hence 

f (s) = A( v— 1 )/(k-l ) + 1 a A + A (k-1) 

a contradiction Thus the result follows ■ 

For the sake of completeness we give the table for C(k 1 v) from [14] 
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Table 2 1 Bounds on C(k 1, v) 


k 

V 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

3 

1 










4 

3 

1 









5 

4 

3 

1 








6 

6 

3 

3 

1 







7 

7 

5 

3 

3 

1 






8 

11 

6 

4 

3 

3 
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CHAPTER ill 


GROUP DIVISIBLE DESIGNS 
AND 

GROUP COVERING DESIGNS 

In the first section of this chapter, a few results are established on 

group divisible designs Those include a stronger necessary condition for 

the existence of group divisible designs (analogous to the Fisher's 

Inequality for BIBD's) In the next section we introduce a new 

combinatorial design called group covering design and establish many 

results on these designs These are used m the Chapter V of the 

dissertation to further improve the existing lower bounds on K (n R) q £ 3 

q 

3 1 Group Divisible Designs 

Let k m A and v be positive integers A triple (X,^ B) where X is a 
finite set of points ^ is a family of pairwise disjoint nonempty subsets 
of \ (called groups ) whose union is X ( and B is a collection of subsets of 
X (called blocks ) is called a group divisible design denoted by 

GD[k \ m \ ] if 
(i) IX) = v 

( n ) | G | = m for every G e *§ 

(m) | B | = k for every B^ e B 

(iv) |G i p B ) £ 1 for every G^ e i? and B^ e B 

(v) Every pairset {x y) £ X such that x and y belong to distinct groups 
is contained m exactly A blocks of B 

When | X I = km, GD[k,A m,km] is called a transversal design t denoted by 



TD[k X m] Thus each block is a transversal of the groups as each block 
contains precisely one element from each group 

It follows immediately that a GD[k X 1 v] is a B T BD[k X v] 

Following notations of Hanani [28] the set of integers v for which 
group divisible designs GD[k X m v] exist is denoted by GD(k X m) Clearly 
GD(k X m) £ ml where I is the set of positive integers The set of integers 
m for which transversal designs TD[k X m] exist is denoted by TD(k A) 

However when X = 1 one usually represents GD[k,X m v] TD[k X m] 
GD(k X m) and TD(k X) respectively by GD[k m v], TD[k m] GD(k m) and TD(k) 

The existence of a GD[k X m v] was first discussed m [28] A necessary 
condition for the existence of a group divisible design is given by the 
following theorem 

Theorem 3 1 1 [28] If a group divisible design GD[k X m v] exists then 

v s 0 (mod ml vs km X(v-m) s 0 (mod (k-1)) 
and Xv(v-m) = 0 (mod k(k-l)} 

When v = km and X = 1 Hanani has proved the following theorem 

Theorem 3 1 2 [28] If m e TD(k) and m > 1 then m s k-1 

Hence it follows immediately from the above theorem that if 1 < m < k-1 
then a GD[k m km] does not exist Therefore the conditions of Theorem 3 11 
are not sufficient for the existence of a GD[k X m v] Further it has been 
already proved by Tary [75] that a GD[4 6 24] does not exist 

However group divisible designs with block sizes 3 and 4 are known to 
exist (see e g [11], [28]) for all X \ and m satisfying the necessary 
conditions of Theorem 3 1 1 with exceptions of GD[4 2,8] and GD[4 6 24] 
Very little is known for the case ks5 For k = 5 some special cases are 
considered by Assaf et al [3] and Avidan [6] 



For v > km and A = 1 we prove the following stronger result for the 
existence of a group divisible design using the methodology of Wilson [84] 

Theorem 3 13 If there exists a group divisible design GD[k m v] with 

v > km then v == k(k-l) + m 

Proof Let (X S' 23) be a group divisible design GD[k m,v] Let B be a 
block of GD[k m,v] Then there exists a group G e § such that B n G = <p 
Let x e G For any point x 6 B, let B be the block which contains 

O O X 

the pairset {x^ x} Then for any two distinct points x and y of B, 
(B \ {x }) n (B \ {x }) = <p For lfy e B nB,y * x , then {y x } £ 

x o y o ox yoo oo 

E*x p| B^, contradicting the fact that each pair is contained in exactly 
one block B e B Also (B^ \ {x^}) p| G = <f> for every x 6 B Thus the set 
G U ( U B \ {x }) contains m + k(k-l) points and this number cannot 

x€B 

exceed v ■ 

Remark If m = I, the above theorem gives v s k(k-l) + 1, the famous 
Fisher's inequality for A =1 (Theorem 2 2 2) 

As a corollary to Theorem 313 the nonexistence of the following group 
divisible designs follows immediately 

Corollary 3 1 4 GD[8,2 30], GD[8 2,44], GD[9,3,51] do not exist 

Since the number of groups must be an integer, we have the following 
trivial result 

Corollary 3 15 If there exists a GD[k m v], v > km and m | (k(k-l) + m) 
then v m[(k(k-l)+m)/m] 

Theorem 3 1 6 Let C and D be two disjoint blocks in a GD[k,m v] and let G q 

2 

be a group with G n C = 1 and G pi D = <ji> Then v £ k + m - 1 

o o'* 

Proof Let G nC = (x > For each x e D let B be the block which contains 

o' 1 o x 



the pairset (x x } As in the proof of Theorem 3 13 (B \{x })n(B \{x })=$ 
o x o y o 

for any two distinct points x and y of D Also for each x 6 D (B \{x })nC = 

X 0 1 1 

<p For if this contains some point y then (y x } £ B n C contradicting 

O x 1 1 

the fact that each pairset is contained in exactly one block Also 
(B^ \ {x^}) p = (j> for every x e D and G p (C \ {x }) = <p Thus the set 
G U (C\{x }) U ( U B \{x }) contains m + (k— 1) + k(k-l) points which is at 

0 0X0 

x€D 

most v Thus v a: k 2 + m - 1 ■ 

Since any two distinct blocks in a group divisible design cannot 
intersect at more than one point we have the following obvious corollary 

Corollary 3 17 Let (X S $) be a group divisible design GD[k m v] with 
2 

v < k + m - 1 Let C and D be any two distinct blocks of 5B such that C p 
= 1 and D p| G ( = ^ for some G ( e S Then C and D intersect at a point 

For k a 2 and v = k(k-l) + m the above corollary still holds Hence 

if C and D are any two distinct blocks of a BIBD B[k 1 k(k-l)+l] then we 

have the following corollary originally due to Wilson [84 p 226] 

Corollary 3 1 8 Any two distinct blocks of a B[k 1 k(k-l)+l] intersect at 

a point 

Theorem 3 19 If a transversal design TD[k m] contains two disjoint 

blocks then m a k 

Proof Let (X S 23) be a TD[k m] with C,D e B such that C p D = <p Since 
each block is a transversal of the groups for any G^ e S G^ p C 

= (x > and G n D = {y } For any point y y ) of D, let B be the block 

o o 11 o o y 

which contains the pairset {x q y) As in the proof of Theorem 3 13 

(B \ (x }) n (B \ {x }) = <f> for any two distinct points s and t of D 

S O t 0 

Also G n (B \ {x » = d> and (B \ {x » n C = (p for each y(* y ) of D 
0 i I y o y ° ° 



Hence, the set G U (C\{x }) U ( U (B \{x }) contains m + (k— 1) + (k-l)(k-l) 

o o y o 

y<=D 

y * y 0 

points and this number cannot exceed km Thus m 2: k ■ 

In [28] Hanani has shown that the above condition of Theorem 3 19 is 
sufficient for the existence of at least two disjoint blocks Hence we 
have the following corollary 

Corollary 3 1 10 In a transversal design TD[k m] there are at least two 
disjoint blocks if and only if m a k 

Hence if m = k-1 then any two distinct blocks of TD[k m] have exactly 
one point of intersection reproving the f ollowmg result [78, p 1923 

Theorem 3 1 11 The intersection of any two distict blocks m a transversal 
design TD[m+l,m] contains exactly one element 
The following two results are known 

Theorem 3 1 12 [28 Lemma 3 5] For every prime power q q e TD(q+l) In 
other words TD[q+l 1 q] exists for every prime power q 

Theorem 3 1 13 [28 Lemma 2 12] There exists a group diwsible design 
GD[k k-1 v] if and only if there exists a BIBD B[k 1 v+1] 

Theorem 3 1 14 Let m n and t be positive integers t a; n a 3 If there 
exists a transversal design TD[n m] and a group divisible design 
GD[n,(n-l)m (n-l)mt] then the group divisible design GD[n m m(t(n-l)+l)] 
exists 

Proof For each j = 1 2 t let (X^ 5^) be a transversal design 

TD[n m] such that a particular group G^ belongs to all £^'s ab other 

groups are pairwise disjoint In other words G , = (G^G^ Gj( n -i)^’ 

where for all j and l 1 s j £ t and 1 ^ l ^ n-1 G^ and are pairwise 



I < j £ t} Then | Y| = 


t n-l n-l 

disjoint groups LetY=U U G „ & = { U G „ 

,.i i- . Jt 

(n-l)mt | S’ | = t and each group in S’ has cardinality (n-l)m Hence by 
hypothesis there exists a collection T of n-subsets such that (Y S T) is a 
group divisible design GD[n (n-l)m (n-l)mt] It is now easy to verify that 
(X H B) is a group divisible design GD[n m [t(n-l)+l)m] where X = Y U G 

0 

H = {G „ l<j£t 1 £ £ £ n-l) U {G } and fB = U 3 d U UP ■ 

J£ o 1 t 

Corollary 3 1 15 Let m be a prime power such that m = n - 1 £ 2 and let 
t n If there exists a group divisible design GD[m+l m 2 tm 2 ] then there 
exists a BIBD B[m+1 1 m(tm+l)+l] 

Proof Since m is a prime power there exists a transiersa 1 design 

TD[m+l m] by Theorem 3 1 12 Hence there exists a group divisible design 
GD[m+l m m(tm+l)] by Theorem 3 1 14 and the result follows from Theorem 
3 1 13 ■ 

Note Let m = n - 1 i 2 be a prime power If t = n = m + 1 and there 

2 2 
exists a TD[m+l m ] then there exists a BIBD[m+l 1 m(m +m+l)+l) 

3 2 Group Covering Designs 

In the previous section we have dealt with group divisible designs and 
observed that such designs do not always exist To deal with such cases 
the notion of group covering designs analogous to covering designs is 
intt oduced in this section The study of group covering designs apart from 
being a generalisation of covering designs finds applications in q-ary 
co\ering codes q £ 3 It will be discussed in detail in Chapter V of this 
thesis In [69] Sloane has discussed a particular case of these designs 
which have application in switching networks 

Zhang [88] and Honkala [31] have studied the covering design problem to 
improve the lower bounds for binary covering codes In [12] Chen and 


Honkala have studied a local covering problem to give better bounds for 
q-ary covering codes (q £ 3) This class of local covering problem is 
classified as a group covering design and many results analogous to results 
for covering designs are obtained Exact bounds for many classes of group 
covering designs are also found 


3 2 1 Preliminary results and lower bounds on G(k,m,n) 


Definition Let m n and k be positive integers with n ^ k £ 2 A triple 
(X S’ $) where X is a finite set of points ? is a family of pairwise 
disjoint nonempty subsets (called groups ) of X whose union is X and S is a 
collection of subsets of X (called blocks ) is a group covering design 
denoted by GC[k,m nm] if 


(l) 

|x| 

= nm 


(11) 

\W\ 

= n and | G | = m 

for every G ( e S' 

(ill) 

IB 1 
1 J 1 

= k for every 

e B 

(iv) 

l G i 

p| B | i 1 for every 

G € S’ and every B e B 
i J 

(v) 

Every pairset {x y) c X 

such that x and y belong to distinct 


contained in at least one block of $ 

Throughout the chapter the members of a pairset are assumed to belong 
to distinct groups It follows immediately that AD[k In] is a group 
covering design GC[k 1 n ] Henceforth we will denote a group covering 
design GC[k m nm] by GC[k m n] 


A GC[k m n] with b blocks is said to be minimum if for any GC[k m n] 
with b blocks one always has b rs b' The number b for a minimum group 
covering design GC[k m,n] is called a group covering number denoted by 
G(k m n) Suppose m n and k are positive integers such that a GC[k m n] 


exists Then there are 


n 

2 


distinct pair of groups, and each pair of 
groups has m 2 distinct pairsets {x,y} such that x and y are from distinct 





groups Since each block in $ contains | 2 J distinct pairsets we have the 

following trivial lower bound for G(k m n) 

G(k m n) £ m 2 (3 1) 

k(k-l) 

Equality in (3 1) exists if there exists a GD[k,m nm] Analogous to 
Schonheim lower bound for covering designs the following theorem gives a 
better lower bound 

Theorem 3 2 1 Let k n and m be positive integers with n £ k a 2 Then 

G(k m n) a ™ b /Sfk m n) (say) (3 2) 

Proof Let (X 'S S) be a group covering design GC[k m n] Let x e X 

0 

Then the number of pairsets {x y) is m(n-l) If B e B is a block 

O O 

containing x then B can cover (k-1) of these pairsets {x y} Hence the 

OO O 

replication number of every point 1 e the number of blocks containing the 

point in the group covering design is at least |"m(n-l)/(k~l)] Since 

there are n gi oups each having m points and each block has size k a simple 
counting argument gives 

k G(k m n) i mn |’m(n-l)/(k-l)] 

As G(k m n) is an integer the result follows ■ 

Remark AD[k 1 n] is also a group covering design GC[k 1 n] Thus 

C(k 1 n) = G(k 1 n) 2 £ 

which is the best known lower bound for C(k 1 n) [68] 

A similar result was proved by Chen and Honkala [12] while estimating 
the minimum number of (R+2)-weight codewords required to cover all the 

2-weight words of any q-ary covering code of length n and covering radius R 
If a group divisible design GD[k m nm] exists then k, m and n must 





satisfy the necessary condition of Theorem 3 i 1 and hence the number 
of blocks is | k_ ~ [ J 17)2 This observation gives the following 

Theorem 3 2 2 Let k m and n satisfy the necessary condition of 

Theorem 3 11 If a group divisible design GD[k m nm] does not exist then 


^ n(n-l) 2 

G(k m n) £ 7-n — pr m + 1 
k(k-l 


In particular when n = k and 1 < m < k - 1 by Theorem 3 1 2 the 
following useful corollary is immediate 


Corollary 3 2 3 Let k and m be positive integers and let 1 < m <k - 1 
Then G(k m k) 2 m 2 + 1 

Let (X S’ B) be a group covering design GC[k m n] and let x e X Then 

0 

the number of pairsets (x y} is m(n-l) If £ e ® is a block containing x 


0 0 o 

then B can cover (k-1) of these pairset {x y> Thus the number of blocks 

O 0 

that contain x denoted by fix ) is at least [mln-D/lk-Dl Hence 

O o ' 1 


fix ) £ 

O 


mln-l) 

(k-1) 


m (say) 

O 


Let g(x ) = fix ) - m 2: 0 If glx ) > 0 and m(n-l) = 0 (mod k-1) then 

0 0 o o 

there exists at least one pairset {x y) which is contained in two or more 


blocks 
one block 


O 

Thus if glx ) = 0 then every pairset {x , y} will occur in exactly 

O O 

This proves the following lemma 


Lemma 3 2 4 Let (X,S,$) be a group covering design GC[k,m,n] and let 
(x y> c X be a pairset If either glx) = 0 or gly) = 0 and m(n-I) = 0 (mod 
(k-1)) then lx y) is contained in exactly one block of the group covering 
design 

The following theorem is analogous to Theorem 22 4 


Theorem 3 2 5 


Let (X S,$) be a group covering design GC[k m n] If 



m(n-l) = 0 ( mod (k-1)) and nm 2 (n-l )/(k-l) = -1 (mod k) then G(k,m n) 2: 
/3(k m,n) + 1 

Proof If possible suppose G(k m n) = /3(k m n) By the hypothesis 

/3(k,m n) = (nm 2 (n-l)+(k-l))/k(k-l) Now 

E g(x) = Y. f(x) - Y m 
xe\ xeX xsX 

= k /3(k m n) - nm 2 (n— l)/(k-l) = 1 


So there exists a unique x e X such that g(x ) = 1 and g(x) = 0 for x * x 

0 0 o 

Hence by Lemma 3 2 4 every pairset {x y} must be contained in exactly one 

0 

block of E But since g(x ) = 1 > 0 there exists a pairset (x u} which 

O O 

will be contained in at least two blocks a contradiction ■ 

As a coi ollary to the above theorem the following improvements to (3 2) 
is immediate 


Corollary 3 2 6 G(7 2 13) a 16 G(7 2 16) £ 24 G(5,4 8) ^ 46 

G(5,4 13) £ 126 G( 11 4 16) £ 36 G(5 4 18) a 246 

Lemma 3 2 7 Let (X 'S S) be a group covering design GC[k m n] and let 
m(n-l) = 0 (mod(k-l)) and nm 2 (n-l)/(k-l) = -2 (mod k) If G(k m n) = 
/3(k,m n) then there exists a unique pairset {x q y Q } £ \ which is contained 
in exactly k blocks of $ and every other pairset {x y} £ X is contained in 
exactly one block of S 


Proof 


From the hypothesis G(k,m,n) 


nm 2 (n-l) + 2( k- 1 ) 
k(k-l) 


Also 


E gW = E f(x) - E m 0 

xeX xsX xeX 

= k 3(k,m n) - nm 2 (n-l)/(k-l) = 2 


Thus there exists x e X such that g(x ) >0 Hence there exists y e X 

o o o 

such that {x y } is contained in at least two blocks say, B = {x y y 

o O 1 O 0 1 

v }, B = {x y ,z z , z } Since y is contained in m(n-l) 

■ 7 k-2 2 ool2 k-2 o 



distinct pairsets S must contain at least £ q = 


'm(n-l) - 1 - 2(k-2) 


k - 1 


more 


blocks each containing y Thus f(y } £ £ + 2 = m +1 So g(y ) £ 1 

o ■'o o o o 

Hence g(x Q ) = g(y Q ) = 1 anc * g(x) = 0 for all x g {x q y^} Hence by Lemma 
3 2 4, every pairset having at most one element from {x q y^} will be 


contained in exactly one block Since each block contains 


V 

v2. 


pairsets and 


— /3(k m n) = nnn _ ^ il + (k-1 ) the pairset (x q y Q } will be contained in 


exactly k blocks 


Theorem 3 2 8 Let (X “S SB) be a group covering design GC[k m n] and let 
m(n-l) = 0 (mod (k-1)) and nm 2 (n-l)/(k-l) s -2 (mod k) If m(n-l)/(k-l) < k 
+ m - 2 then G(k m n) £ (3(k m n) + 1 

Proof Suppose G(k m n) = |3(k m n) By Lemma 3 2 7 there exists a 

pairset (x y > which is contained in exactly k blocks of 2 f(x ) = m + 1 
and f(y ) = m +1 Let y e G Then for every y e G y * y n the pairset 

00 00 OU 

{x ,y> must be contained in exactly one block of B Thus = m 0 + ^ 

£ k + (m-1) a contradiction ■ 

As a consequence of the above theorem the following improvements to 
(3 2) is immediate 

Corollary 3 2 9 G(6 2,11) £ 16 G(8,3 15) £ 35, 

G(5 4,7) £ 35, G(10, 4 19) £ 62 

Lemma 3 2 10 Let m n and k be positive integers with n £ k > 3 and let 
(X,^,£) be a group covering design GC[k,m n] If m(n-l) = 0 (mod (k-1)) 
nm 2 (n-l)/(k-l) a -3 (mod k) and G(k m,n) = 0(k,m,n) then there exists three 
elements x v and z of X belonging to distinct groups such that each of 

o’ J o o 

the pairsets {x^} <y Q Z Q } and <z q x q } is contained in i(k+l) blocks of B 

and all other pairsets are contained in exactly one block 

Proof By the hypothesis, G(k m,n) = (nm (n-1) + 3(k-l))/(k(k-l)) Also 



E g(x) = l f(x) - £ m 


xsX 


xsX 


xeX 


= k |3(k m n) - nm * (n-l)/(k-l) = 3 


Thus, there exists a point x e X such that g(x ) > 0 Following the same 

O O 

argument as in Lemma 3 2 7 there exists y 6 X such that g(y ) > 0 and x 

o o o 

and y ^ are in two distinct groups Observe that 

k(k-l) nm ( n— 1 ) 3 

— 2 /3(k m n) = + - (k-1) 

If g(x ) = 2 and g(y ) = 1 then g(x) = 0 for all x fS {x y } Following 

0 0 O 0 

3 

the same argument as in Lemma 3 2 7 (x y } will be contained in —(k-1 ) + 1 

O O Z 

blocks of B and all other pairsets {x y} will be contained in exactly one 
block of B Hence g(x ) = g(y ) a contradiction Hence g(x ) = 1 and g(\ ) 

0 0 o o 

= 1 So thei e exists z 6 X such that g(z ) = 1 Then there will be (k-1) 

O O 

pairsets conta l ning x (k-1) pairsets containing y and (k-1) pairsets 

O 0 

containing z (not necessarily distinct) which are contained in more than 

O 

one block Since g(x) = 0 for x g {x ,y z } by Lemma 3 2 4 the above 

0 0 0 

(k-1) extra pairsets containing x must contain either y or z Similarly 

O 0 0 

for the pairsets containing y and z If x and z belong to the same group 

O 0 O 0 

then the pairset {x y } will occur exactly k-1 times extra So z cannot 

o o o 

be paired with y a contradiction Hence, x y and z belong to distinct 

0 0 0 o 

groups and each of the pairsets (x^ y^}, {y ,z } and ^ z 0 ,x 0 ^ must occur 
(k-l)/2 times extra i e , the pairsets {x ,y ) {y z } and (z ,x } must 

0 0 O O 0 0 

occur in (k+l)/2 blocks and all other paisets of X will occur exactly once ■ 

Following the same argument as in the Theorem 3 2 8 we have the 
following result 


Theorem 3 2 11 Let (X W B) be a group covering design GC[k m n] and let 

= -3 (mod k) If 


m(n-l) = 0 (mod (k-1)) and 
then G(k m,n) /3(k,m,n) + 1 


nm ( n— 1 ) _ r, fr ^ nri T ^- j < JL( 3 ) + rn 


k - 1 


k - 1 



The above theorem gives the following improvements to (3 2) 


Corollary 3 2 12 G(7 2,10) > 10 G(9 2 13) £ 10 

G( 11 2 16) £ 10 G(9 4,13) 2: 36 

Theorem 3 2 13 G(5 2 7) ^ 10 

Proof Suppose (X £/,$) is a group covering design GC[5 2,7] with 9 blocks 
Let 'S = {G ,G , ,G } For simplicity, let G = {1,2} meaning thereby that 

i i i s | 

1(2) represents the first (second) element of the group G ( Moreover for B 
e B (pairset P) it is convenient to write B = x x(P = x x) with 

17 17 

X ( e G t u {0} x^ = 0 means B(P) does not contain any element of G^ Since 

/3(5 2,7) = 9, by Lemma 3 2 10 there exists three pairsets, say, = 110 

<p P = 0110 0 and P = 1010 0 that are contained in exactly 3 blocks 

of B and every other pairset is contained in exactly 1 block Following the 

same argument as in Lemma 3 2 10 it is easy to see that for each i e 

{1 2 3} there exists exactly 4 blocks having x ( =1 Since each fo the 

pairsets 120 0, 210 0 and 220 0 occurs in exactly 1 block, there 

exists 6 blocks B , , B whose first 2 entries are 11, 11 11 12, 21 and 

1 6 

22 respectively Since each of the pairsets P and P occurs in exactly 3 

2 a 

blocks and x 3 = 1 for only 4 blocks, the following two possibilities arise 


35 



Case 1 B = 1 1 1 **** 

1 

B =111 **#* 

2 

B =111 **** 

3 

B =122 **** 

4 

B s = 2 1 2 **** 
B =221 **** 


Case 2 Bj. = 1 1 1 **** 

B =111 **** 

2 

B = 1 1 2 **** 

3 

B = 121 **** 

4 

B = 2 1 1 **** 

5 

B = 2 2 y **** 


where * denotes an elemente of the set {</> 1,2} and y * 1 Suppose that B ’s 
have the configuration given in Case 1 Each pairset with x = 1, x = x = 

1 2 3 

<p must be contained in exactly one B^ 1 < i < 4 without loss of 

generality let B = 212a/30</> and let P = ltp<f>a<p(p<p If P is contained in B 
O 1 

or B or B , say B then the pairset Q = ipl(poc<p<p(p will be contained in B 

2 3 

and B , a contradiction Otherwise P is contained in B and hence the 

s 4 

pairset R =</>02ct</>00 is contained in B and B , acontradiction Thus £(5,2,7) 

4 5 

> 9 The proof in Case 2 follows similarly ■ 


3 2 2 Lower bounds for G(k,m,n) from known combinatorial designs 

Group covering designs can be used to construct covering designs Such 
designs are in turn used to further improve the lower bounds for G(k m,n) 
given by the inequality (3 2) The following results help us in obtaining 
lower bounds using covering designs and transversal designs 

Theorem 3 2 14 Let m and n be positive integers and let n a m +1 Then 
C(m+l,l,mn+l) s n + G(m+l,m,n) 

Proof Let (Y,^ T) be a minimal group covering design GC[m+l,m,n] and let 
S’ = (G G , ,G } Let y «£ Y Consider X = Y U {y > and S = ? U f 

1 2 n o ° 

where P' =4g U (y } G U (y }, G U (y >1 Clearly |X| = ran + 1 and 

1 O 2 o n o I 



every block of B has size m + 1 It is easy to verify that (X B) is a 
covering design AD[m+l 1 nm+1] Thus C(m+1 1 nm+1) £ n + G(m+1 m n) ■ 

Let A(nm+1 m+l) = C(m+1 1 nm+1) - a(m+l 1 nm+1) Using the known bounds 
for covering numbers we have the following corollary 


Corollary 3 2 15 Let m > (n - 1) Then G(m+1 m n) £ j3(m+l m n) + 
A(nm+1 m+l) 


Proof Observe that a(m+l 1 nm+1) - n = 

= /3(m+l m n) Thus the result follows from Theorem 3 2 14 



nm + 1 

nm 

“ 


mn 1 

(n-1) 

n = 

m + 1 

m 


- n = 

m 

+ 1 


Example (l) G(4 3 6)2: /3(4 3 6)+ A(19 4) 

= |3{4 3 6) + 2 = 25 
(u) G(5 4 7) i /3(5 4 7)+ A(29 5) 


= /3(5 4,7) + 1 = 35 


Remark If n(mn+l) = -1 (mod (m+l)) then by Theorem 2 2 4 we have 
C(m+1 1 nm+1) £ a(m+l 1 nm+I) + 1 and hence G(m+1 m n) 2 : /3(m+l m n) + 1 


Theorem 3 2 16 Let m n and t be positive integers with t 2: n 2: 3 If 
there exists a transversal design TD[n, m] then 

G(n m t(n-l) + 1) ^ tm 2 + G(n (n-l)m, t) 

Proof For each j = 12 t let (X^,^ 9 ) be a transversal design 

TD[n ml such that a particular group G belongs to all ’S ' s and all other 

o j 

groups are pairwise disjoint In other words, i* - {G^ G ’^jln-p) 

where for all j and i 1 s j £ t and 1 s l * n-1 G^and G { are pairwise 

t n-1 r n-1 \ 

disjoint groups Let Y=U UG „,? = -( UG„ j = 12 t> Then 

j=l t=i * U=1 ^ J 

| Y | = (n-l)mt and | G [ = (n-l)m for all G s ^ Let (YS?) be the minimal 
group covering design GC[n m(n-l) t] It is now easy to verify that (X,Jf B) 
is a group covering design GC[n m,t(n-i)+ll where X = Y U G^, H = (G^ 1 ^ 



Jit lsjs n- 1 } LUG } and S = ? u P U U T ■ 

0 i t 

Corollary 3 2 17 Let m be a prime power such that m = n - 1 a 2 and let t 
an If G(n m(n-l) t) = 0(n m(n-l) t) then 

G(n m t(n-l)-f-l) = /3(n m t(n-l)+l) 

Proof Note that /3(n m(n-l) t) = [tm 2 (n- 1 )(t-l)/n] Since m is a prime 
power there exists a transversal design TD[n m] by Theorem 3 1 12 Hence 
by the above theorem 

G(n m t(n-l)+l) ^ tm^ + ["tm 2 (n-lKt-l)/n] = p(n m t(n-l)+l) 

Now the result follows from the inequality (3 2) ■ 

3 2 3 Exact bounds for G(k m,n) 

In this section the concept of 2-surjectivity (see [13] [31] 

[40] [64] and [69]) and its connection to special class of group covering 

designs is studied For each positive integer k (a 2) an exact bound for 

the group covering number G(k 2 k) is determined using a result of 
Kleitman and Spencer [40] The existence of minimum covering designs 
meeting the Schonheim bound is used to derive an exact bound for a class 
of group covering designs GC[k k-1 n] Finally constructions are given 

for few isolated values of k to determine the exact bounds for group 

covering designs GC[k,2 k+1] 

Definition [31] An m x n matrix A over the alphabet F^= {0 1 q-l> is 
called 2~surjective if for any two columns j and of A and any pair 
(x x ) € F 2 , there exists a row i of A such that A = x k = 1,2 

1 2 q l>J k K 

Let S (n 2) denote the minimum number of rows m any 2-surjective 

q 

matrix with n columns If n a 2 then 

S (n 2) = G(n,q,n) 
q 


(3 3) 



If A is an m x n 2-surjective matrix then Kleitman and Spencer [40] have 


determined the values of S z (n,2) and have shown that 


S (n 2) = min 
2 


'{ M " => (|M/2j-l) M 6 " } 


M 6 IN 

As a consequence of (3 3) and (3 4) we have the following result 


(3 4) 


Theorem 3 2 IS If n(i 2) is a positive integer then 

r M - 1] 

(LM/2J-1J 

Many minimum covering designs meet the Schonheim lower bound Thes< 
covering designs along with Lemma 2 2 7 (with X = 1) give exact bounds for 
G(k m n) for many class of group covering designs 


G(n 2 n) = mim M n ^ 


M e IN 


(3 5) 


Theorem 3 2 19 Let k(a 2) n(> k) and v be positive integers with (v - 1) 

5 0 (mod (k-D) v(v— l)/(k— 1) & -2 (mod k), n = (v-l)/(k-l) and let v > 
k(k-2) + 2 If there exists a minimum covering design AD[k 1 '1 with 
C(k 1 v) = <x(k 1 v) then there also exists a minimum group covering design 
GC[k k-1 n] with G(k k-1 n) = [ntn-DCk-D/k] 


Proof Let (Y ?) be a covering design AD[k 1 v] with C(k l,v) 

ct(k 1 v) Then by Lemma 2 2 7 there exists a unique pairset {u v) £ Y 

which is contained in exactly k blocks, say i = 1 2, k and all other 
pairset <x,y> £ Y is contained in exactly one block Observe that P fi P j 
(u.vl for all 1 s .< J * k For <“•»> ‘hen <x u) £ P, 


P, a contradiction to the fact that (x u> is contained in exactly one 
block of P Let S - U l P 1 Clearly [S| = k(k-2) * 2 Hence S J Y Let X Q 


n 


6 Y\S Every pairset containing x o must be contained m exactly one block 
of 9 Hence there will be exactly n = (v-l)/(k-l) blocks say T 1 s i s n 
which contains Clearly (u,v) * T for 1 * . = n Let X - Y\(x o > 9 - 



(T \{x o > 1 s 1 * n> and let £ = P \{ T T T } Note that for each B 6 

l 2 n 

I T'j fl ® I s * ^ or 1 5 i ^ n Since (Y P) is a covering design every 

pair set {s t} £ X such that s and t are from distinct T \{x } will be 

l 0 

contained in a block of S Hence (\ 1? 2) is a group covering design 
( C[k k-1 n] with 

G(k k-1 n)£ | £ | = ct(k 1 v) -(v-l)/(k-l) 

= fn(n(k-l)+l)/k] - n 
= [ n(n-l)(k-l)/k] 


\lso f rom (3 2) 


G(k k-1 n) £ 


n(k-l) 

(n-1 ) (k-1 )T 

k 

k - 1 


= f n(n-l)(k-l)/k] 


Ihus (\ ( j B) is a minimum group coieiing design GC[k k-1 n] with G(k k-l nl 
■ f n(n-l)(k-l)/k] ■ 

I or k = 3 Hanani [2S1 has shown that a group divisible design 

GD[3 2 2n] exists whenever n a 0 (mod 3) and n a l (mod 3) and hence 

G(3 2 n) = ["2n(n-l)/3] for n = 0 or 1 (mod 3) 

If n = 3t + 2 for some positive integer t and if v = 6t + 5 then Fort and 

Hedlund [21] have shown that there exists a minimum covering design 

ADO 1 v] with C(3,l,v) = a(k,l v) On applying Theorem 3 2 19 and 

Theorem 3 1 12 (for n=3) the following corollary follows immediately 


Corollary 3 2 20 For every positive integer n 2 3 

G(3 2 n) = [2n(n-l)/3] (3 6) 

For k = 4, Brouwer et a l [11] have shown that a group divisible design 
GD[4 3,3n] exists whenever n = 0 or 1 (mod 4) and hence 

G(4,3 n) = [3n(n-l)/4] for n s 0 or 1 (mod 4) 

If n - 2 ( mod 4) or n = 3 ( mod 4) and v = 3n + 1 then Mills [52], [53] 



has shown that there exists 


a minimum covering design AD[4 1 v] with 


C(4 1 v) = a(4 1 v) with the exception of v = 19 Thus if v * 19 the 
conditions of Theorem 3 2 19 are satisfied Hence, we have the following 
result 

Corollary 3 2 21 For every positive integer n =; 4 n * 6 

G(4 3 n) = [3n(n-l)/4] (3 7) 

The case for n = 4 follows from Theorem 3 1 12 
Remark Observe that for n = 6 the Corollary 3 2 15 gives G(4 3 6) £ 
25 > 23 = [3n(n-l)/4] 

Tor k = 5 and v = 4n + 1 it has been shown that (see [57]) C(5 1 v) = 
a(5 1 v) whenever 


(l) 

n s 2 (mod 5) 

n > 787 or 

(ill 

n s 4 (mod 5) 

n > 189 

Thus 

if k = 5 and v 

satisf les 

(l) 

v = 9 (mod 20) 

v > 3149 

(n) 

v 3 17 (mod 20), 

v > 757 


then the conditions of Theorem 3 2 19 are satisfied Hence we have the 
following corollary 

Corollary 3 2 22 For every positive integer n satisfying 


(i) 

n s 2 (mod 5), 

n > 787 

(li) 

n h 4 (mod 5) 

n > 189 


G(5 4 n) = |"4n(n-l)/5"| 


If n = k + 1 and m = 2 then by (3 2) and with explicit construction of 
group covering designs we have the following exact bounds Let (X S’ $) be a 
group covering design GC[k 2,k+l] and let S = {G^, >^ k + 1 ^ denote each 

block B e B of size k by a j where a e G U {0}, and for each i 



some i then it means that B Q G ( = <p 


1 =s i ^ k+1 G t = {1 2} If a = 0 for 

Theorem 3 2 23 (i) G(3 2 4) = 8, 

(ill) G(5 2 6) = 8 

Proof (l) By (3 2) G(3 2 4) > 8 

desired result 

1110 
12 0 1 
2 10 2 
2 2 2 0 

(li) By (3 2) G(4 2 5) £ 8 The 

result 

2 1110 
112 0 1 

12 10 2 

2 2 2 2 0 

(m) By (3 2) G(5 2 6) s 8 The 

result 

12 1110 
1112 0 1 
112 10 2 
1 2 2 2 2 0 

(iv) By (3 2), G(6,2 7) a 7 The 

result 

1 2 0 1 2 2 2 
2 1 1 2 2 2 1 
2 2 2 0 2 1 2 


(u) G(4 2 5) = 8 
(iv) G(6 2 7) = 7 

The following eight blocks gives the 

10 2 2 
2 0 11 

0 12 1 
0 2 12 

following eight blocks gives the desired 

110 2 2 
12 0 11 
2 0 12 1 

2 0 2 1 2 

following eight blocks gives the desired 

2 110 2 2 
2 12 0 11 

2 2 0 1 2 1 

2 2 0 2 1 2 

following seven blocks gives the desired 

2 0 111 2 2 
0 12 11 11 
12 12 111 


1 1 2 2 2 2 2 



3 2 4 Upper bounds for G(k,m,n) 


In this section few constructions for group covering designs are given 
Group covering designs having bigger group size are constructed from known 
gi oup covering designs These give tight upper bounds for the group 
covei ing number G(k m n) Finally the concept of labelled covering designs 
analogous to that of labelled BIBD given by Zhu [91] is introduced and it 
is shown that a labelled covering design can be used to construct very good 
group covering designs Moreover in certain situations these give rise to 
exact bounds for G(k m n) 

Let n k (n > k) be positive integers and let (X S E) be a group 

lovning design GC[k in n] Then for each B e B there exists a G e S such 

B 

that ( n B = 0 Let B' = B U {g } where g is any element in G It is 

B B B B 

i as\ to verify that (X 5 is a group covering design GC[k+l m n] where B 1 

= <B Be 13) Thus 

G(k+1 m,n) 3 G(k m n) (3 8) 

Let n k (n £ k) be positive integers and let (X S SB) be a minimum 

group covering design GC[k m n+1] Let S = (G^ G , G } Delete a 

group say G ( from the collection S If B p G^ * <p for some B e B 

then thei e exists a group G q s S such that G g p| B = 0 Let g B e G g and let 

B' = (B\G ) U {g > for all B s 2 such that B f] G * <p and B' = B 
n + l B n+1 

otherwise Let X' = X\G . S' — S\{G } and let C B' = (B Be B) It is 

n+1 n+1 

easy to verify that (X' ,S' S') is a group covering design GCtkm n] Thus 

G(k,m,n) ^ G(k m,n+i) {3 9 ) 

Let (X §,B) be a group covering design GC[k,m n] and let S - 

{G G G } Let G be a set of m points such that X fl G = <p For each 

12 ’ n 

B e B let S = (B U (g> g e G) Let S' = U S , X' = X U G and let S' 
b BeS 



S U {G> Clearly (X 7 S' ) 


is a group covering design GC[k+l m n+1] and 


IB 7 I = ml B I 


Thus 


G(k+1 m n+1) £ m G(k m n) 


(3 10) 


Let (X S’ S) be a group covering design GC[k m n] and let S = {G G 

1 2 

G^} Let G be a set of m elements such that X (] G = <p Let X = X U G 

and let S - S U {G} For each g e G let B be the collection of all 

e 

distinct k-subsets B of X 7 such that B n G = {g> |B n G I £ 1 for all 

g g 1 g 1 1 i 1 

1 £ l £ n and every pairset (g x) x e X is contained in some block of B 

g 

Clearly |B | = [nm/Ik-l)] Let 2' = £ U ( U B ) Thus (X 7 S' B ) is a 

B g 

gGG 

group covering design GC[k mn+ll and hence 

G(k m n+1) £ G(k m n) + m [nm/{k-l)"| (3 11) 


Theorem 3 2 24 Tor every positive integer m n k and r with n 2: k 2: 2 

G(k mr n) £ G(k m,n) G(k r k) (3 12) 

Proof Let (X SB) be a group covering design GC[k m n] For each x 6 X 
let R denote a set consisting of r elements and for x yeXR [] R = (p 
On replacing each element x 6 B by R^, one can construct a minimum group 
covering design GC[k r kl, (X S ,T ) where X = U R and S - {R x € B} 

B B B B X B x 

x€B 

For each G e S, let G 7 = U R Let X 7 = U R , S' ={ G 7 G e S} and E 7 


xeG 


x£X 


= u ‘P Let {a b} c X 7 such that a and b belong to distinct groups in S' 
neB B 

say Gj and G^ respectively Now a s R^ for some x e G j and b e R y for some 

v e G G G e S Then {x,y} c X is contained in some B e B Since 
J 2 12 

(X S 9 ) is a group covering design {a,b} must be contained in some block 
B B B 

of T Thus (X 7 .S' B 7 ) is a group covering design GC[k,mr,n] and 
B 

G(k,mr,n) £ G(k,m,n) G(k,r,k) ■ 

Note If there exists a group divisible design GD[k,m,n] and a transversal 



design TD[k r] we will have equality in (3 12) 

For k = 3 and m = 4 Theorem 3 2 24 along with Theorem 3 2 20 gives the 
following corollary 

Corollary 3 2 25 For every positive integer n 

(3(3 4n) s G(3,4 n) ^ (3(3 4,n) + 2 

Proof G(3 4n) ^ G(3 2 n) G(3 2 3) (Theorem 3 2 24) 

= 4G(3 2 n) 

= 4 [2n(n-l)/3] (Theorem 3 2 20) (3 13) 

In (281 Hanani has shown that there exists a GD[3 4 n] for n s 0 or 1 (mod 
3) For n s 2 (mod 3) i e n = 3t + 2 for some positive integer t the 

incqu lilt v ( 1 i) gives 

G(3 4 3t+2) £ (1(3 4 3t+2) = 8t(3t+l) + 16t + 6 

Whu ca 3 13 give* 

0(3 4,3t+2) £ 4 [*2(3t+l)(3t+2)/3] 

= 8t(3t+i) + I6t + 8 ■ 

If n = k in a group covering design then we have the following trivial 
result 


Theorem 3 2 26 Let m and k be positive integers, k * 2 Then 

G(k m,k) * G(k+1 m k+1) 


Proof rn restriction of the elements of blocks of a group cover.ng des.gn 
CC[k+l m k+11 to the first k groups gives the desired result ■ 


Suppose that (X.G.B) is a group cover.ng des.gn GClk.m.n) Let 5 

r y i Y = (v v , y } such that f(x) 

(G ,G , ,G } Define a mapping f x 

. ■’ 2 lff O Let fffi) - (f(x) X « B, and f(S) - tfffl) B . S> then 

1 1 2 
clearly (Y f(SB)) is a covering design AD[k m ,n] and 

C(k,m 2 ,n) * G(k m n) 



It u a Iso possible to construct 


covering design a covering design 
fashion Below we define a 
definition of labelled BIBD [91] 


a group covering design from a labelled 
whose blocks are labelled in a particular 
labelled covering design following the 


Definition Let (Y £) be a covering design AD[k m n] and let G be an 

additm group of order m say 1^ (Y B) will be called a labelled covering 

* 

design AD (k in n| if for each B e 2 there exists f B — > G such that for 

B 

every pairset ix y) £ Y 


f }3 (y) B j s S and contains the pairset <x y}|- = G 

i i 

•* 

Wi ri 1 ib< 1 the block B 6 £ by B = {(x f (x)) x e B} 

B 


Example flu following blocks on the set X = (0 1 2 x y} gives an AD[3 2 5] 

{0 l,x> {0 1 y> {2 0 x> {2 0 y> 

(1 2 x) {1,? y) {0 x y} {Ox y} 

Note the following relabelling of the blocks gives a labelled covering 
design AD (3 2 51 Let G = {0,1} The blocks of labelled covering design 


ai e 


{(0 0) (1 0), (x 1)}, 

{(2 0) (0 0) (x, 1)} 

{(l 0) (2,0), (x,0}>, 

{(0 0) (x,0), (y,0)}, 

* 

Theorem 3 2 27 If there exists a labelled covering design AD [k m n] then 
there exists a group covering design GC(k m n] with G(k,m n) - mCtk m,n) 


{(0,0) (11) (y 0)}, 
{(2,1) (0 0), (y 1)} 
{(1,0) (2,1) (y, 0)> 
{(0,0), (x 0), (y 1)} 


* 

Proof Let (Y,2) be a labelled covering design AD [k,m,n] 
additive group of order m, say I ^ Then for each B e 

function f B — > G such that for every pairset {x y> £ Y 

B 


and let G be an 
2 there exists a 

, jf (x) - f B (y) 

i i 



B i e 2 and contains {x y}j = G For each y e Y let G = {y} x G 

Let X = Y x G 5“ = {G y y € Y> G(B ) = j{(x f Q (x)+g) x e B} g e g| 

* 

and A = ^ G(B ) Let (^ 0, (y z j)> s X be any pairset Then there 


will be i block B containing the pairset {(y i ' ) (y ,')} such that 

1 2 

1 = i-j e T ^ Hence by construction G(B ) will 

have a block containing the pairset {(y j i), ( y j)> Thus (X 3 4) is a group 

covet ing design GC[k m n] with G(k m n) = mC(k m n) ■ 

Though many researchers (see [4] [28]) have given constructions for 
covering design of small block size and of index m > 1 it is not alwavs 

ti ui that tilt} will also be labelled covering design But the existence of 

i 1 ibt 111 d com nng design meeting the Schonheim lower bound ensures the 
cquility in (3 H in eei tain situation as shown by the following theorem 

Theorem 3 2 28 Suppose AD(k m n] be a covering design which is also a 
labelled covering design such that C(k,m n) = a(k m n) If n j”m(n-l)/(k-l)] = 
i (mod k) and if i > k(m-l)/m then 


r-n \ T mn f ni(n-I) 11 _ Q , , x 

G(k m n) = — ^ j- = /3(k m n) 


Proof Ft om the previous theorem 


r n f (n-l)m 

G(k m n) £ m C(k,m,n) = m ^ ^ _ j - 


nP - i 
"T — + 1 


where P = f" m(n-l)/(k-l) 1 Also from (3 2) 
o 1 

f nm T m(n-l) ]]_ f ° m 0 , 

G(k m,n) * — ||~ | k 

f m(nP 0 " £) A ml 
= k + k 


Hem t the re ult f oilows 


Note In the above theorem if t = 0 then the result follows immediately 
Using 1 lie re ults proved so far we construct the following tables (Table 



Hl)l( 3 1 Lower Bounds on G(k,2,n) 

~ 7 8 9 10 II 12 


i 

n 

*5 

5 

m 

11 8 

o 

’20 

12 

( 

M8 

*14 

H 

M8 

20 

9 

MS 

27 

W 

->60 

no 

11 

J 7 1 

$<) 

12 

’S'! 

16 

1 1 

■Mill 

M2 

1 1 

122 

bi 

r> 

M HI 

To 

Hi 

Mon 

no 

1? 

MS2 

01 

IK 

MOl 

ids 

HI 

M28 

Mil 

20 

MM 

no 


w s 

'6 



MO 

Wj+ 

‘6 


13 

8 

7 

‘6’ 

15 

12 

S 

7 

20 

14 

>10 

8 

22 

MS 

13 

9 

20 

20 

14 

12 

32 

22 

rf 16 

13 

10 

28 

20 

14 

12 

30 

22 

“16 

52 

32 

Ml 

20 

55 

40 

30 

22 

05 

42 

31 

23 

69 

ol 

33 

29 

80 

o4 

40 

30 


' 6 * 


7 

l 6* 



8 

7 

’7 


8 

8 

7 

'7' 

MO 

8 

8 

7 

13 

9 

8 

7 

14 

12 

9 

8 

15 

13 

Mo 

8 

16 

14 

13 

9 

20 

15 

14 

12 

22 

16 

14 

13 

23 

20 

15 

14 




r tbie 3 2 Lcmer Bounds on G(k, 3, n) 


k 

n 

! 

4 

5 

6 

7 

8 

9 

10 

11 

12 


s *o 

1 20 h 9 


5 

nu 

M5* 

Ml 








b 

18 

a 25 

15 

Ml 







7 

*63 

'32 

21 

14 

Ml 






8 

88 

'42* 

29 

20 

14 

Ml 





0 

*108 

‘54* 

33 

23 

16 

14 

Ml 




It) 

110 

*6 8 

42 

30 

22 

15 

14 

Ml 



11 

*165* 

'83* 

53 

33 

24 

21 

15 

14 

Ml 


12 

204 

'99 

65 

42 

31 

23 

20 

15 

14 

Ml 

n 

*234 

Ml7 

71 

52 

34 

30 

22 

16 

15 

13 

ii 

280 

M37 

84 

06 

42 

32 

24 

21 

16 

14 

15 

*315’ 

'158* 

99 

68 

45 

4 35 

30 

23 

21 

15 

16 

368 

Mso 

116 

72 

55 

42 

32 

°25 

22 

20 

17 

*408 

'204* 

123 

85 

59 

45 

“35 

31 

24 

22 

18 

168 

'230* 

141 

99 

70 

54 

42 

33 

30 

23 

19 

*513* 

‘257* 

160 

105 

74 

57 

45 

35 

32 

24 

20 

580 

'285 

180 

120 

86 

68 

54 

42 

33 

30 



1 ihl ' 1 * Bounds on G(kA,n) 

1 Hit ~ — 

1 *12 * 1 (, 


5 

’.1 

111 

b H> 


0 

no 

12 

21 

M7 

7 

*112 

*%* 

c 15 

24 

s 

Fill 

Ml 

•'ll) 

32 

') 

*1'I2 

99 

6S 

42 

HI 

*•2111 

*12(1* 

72 

51 

1 l 

"11 

1 il 

88 

59 

1 • 

*Vi2 

1 Ml 

1(11) 

72 

1 i 

*110 

*21 IS 

,( 12fi 

87 

1 1 

ISO 

• a 

ll(i 

11)1 

I i 

* ii.ir 

’S', 

KiS 

1>() 

to 

*01<1 

* 1211* 

1*12 

128 

1 

( *0 

171 

218 

118 

1H 

*Mo 

111 

'21(» 

1(»8 

I'l 

V((] n 

*1% 

271 

190 

'(1 

101 1 

5211 

301 

211 


c 17 


23 

c 17 





31 

23 

c 17 




35 

30 

23 

c 17 



11 

33 

25 

22 

°17 


55 

42 

32 

24 

22 

c 17 

60 

16 

'36 

32 

24 

22 

72 

56 

11 

34 

31 

24 

86 

CO 

47 

42 

33 

30 

92 

72 

57 

45 

d 36 

32 

107 

85 

61 

55 

44 

34 

124 

90 

72 

58 

46 

42 

131 

105 

76 

e 62 

56 

45 

149 

110 

89 

72 

59 

47 



I 

t 


■I 

n, 


Key to Tables 3 1-3 3 


* 

ibnti nk< >1 


b 

i 
« 
t 
1 1 


1 Xil( t 1)0(111(1 h 

1 111 llll Ill 1 2 1 l 

( otull.uy 1 1 4 and j 
1 In on in I 2 2 
lliforun 3 1 12 l 

Hit ok iii 3 2 3 w 

< orolltuy 3 2 G x 

C oiollnry 3 2 9 y 

t oiollmy 3 2 12 z 

I hoori in 3 2 13 


Corollary 3 2 15 
Theorem 3 2 18 
Coiollaiy 3 2 20 

Corollaiy 3 2 21 
Corollary 3 2 23 
Theorem 3 2 26 
Hanani [28] 
Sloane [69] 


60 



CHAPTER IV 


LOWER BOUNDS ON BINARY COVERING CODES 

In this chapter, we use a simple observation of Zhang's result [88] to 
generalise Honkala's idea as discussed in [31]. This leads to nineteen 
improvements in the existing lower bounds [14, Table 6.1] of K(n,R). 

Let C be an (n,M)R code. The sphere covering bound (2.6) gives 

| C | s 2”/V(n,R). (4.1) 

Many ad hoc methods are used to improve the sphere covering bound [16], [30]. 
However, the most significant improvements to the sphere covering bound are 
due to van Wee [80], It has recently been discovered that an early paper by 
Johnson [35] contains, e.g. , the main approaches described in [80] and [88] 
(see [14], pp. 177-178). van Wee gave an estimation of the excess on the 
spheres of radius two centered at the points which have distance R-l or R to 

the code. In particular, he has proved the following result. 

Lemma 4.1 [80, Lemma 9]: Let n,R e N, n i 2R, x € F^ and let C be an 

(n,M)R code. If d(x,C) == R-l then 

n- 

Using the above lemma and a suitable averaging method, he proved that 

(Theorem 2.1.2) for all n,R e IN with n i 2R, 

(V(n,2) - ii + e Q )2 n 

K(n,R) ~ (V(n,2)~/i) V(n,R) + e Q V(n,R-2) (4 ' 3) 

where is as in (4.2) and fj. = (R+2)(R-l)/2. 

In [31], Honkala modified van Wee's bound on K(n,R) as in (4.3) by 



LiBMR? 

(4.2) 


128589 
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giving a better estimation than (4.2) for spheres of radius two with center 
at the points which are at a distance R-l or R to the code C and are 
covered by exactly one codeword (Lemma 2.1.3). In [88], Zhang has proved 
the following inequality which is useful in proving the main theorem of this 
chapter. 

Lemma 4.2 [88, Lemma 4]: For any code with covering radius R, we have 

min-i A (x) + A Cx) : A (x) = ... = 

I R+l R+2 o 

2 : C(R+2,l;n-kR+l), 

where C(k,l;v) is the minimal number of k-subsets of a given v-set needed to 
cover all the unordered pairs of the same v-set and 

A.(x) = I {c e C : d(x, c) = i}|. 


The notations f(v,k) 

and 

C(v,k,2) are used in 

[31] and 

[88],respectively,instead of 

C(k,l;v). 

In other words, for any x 

with x 

e A n Z (C), we have 

1 1 k-1 




fW x) n c 

| a k + 

C(R+2,l;n-kR+l) 

(4.4) 

where 




Z(C) = 

1 

{x e F n 
2 

: |B r (x) fj C| = i + 1} 



and 


A = {x e F n : d(x,C) ss R-l}. 

2 

For the sake of convenience, we repeat the following notations for q = 2 as 

discussed in Chapter II . 

Z(C) = {x € F 11 : |B (x) fl C| > 1>, 

2 R 

E (F n ) = I C I V(n,R) - 2 n , (4.5) 

C 2 11 

E C (V) = E i|Z (C) n VI (4.6) 


A (x) 

R-2 


= 0 , 


A (x) 

R-l 


A (x) 

R 
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Proof Without loss of generality we assume x = 0 the element of F n of 

2 

weight /no ind lonsicler the following two cases 

Case I f (0) * 0 Then all vectors of weight one in B (0) are 

covt i < d Since <p e Z ( p Yj, there will be exactly (l+l) codewords 


r c 

i 


c ( ( sin h tint f ot 1 


k ^ l+l wt(c ) € (R— 1 R) 1 s d(c. c, ) 
<■ t k 


Z) with t * k ind there is at least one pair say c and c such that 

1 2 

d(c cj = *| oi ’| - 1 Now for each i 1 < i z i+l let s = <j | c_(j) = 

i + l It 

1} and S = Us The uncovered elements of weight two in B (0) are all the 

2-sub c to of S tin complement of S These elements must be covered by the 

codeword "t weight (R+l) oi (R+2) Clearly it is better to use onl\ 

(iidfWnid of uiight (R+2) to cover the weight two vectors of B^(0) Since 

the 1 u s'( 1 puiuisf distance in (B (0) fl C) is 2j or (2j-l) we have | S° | ^ 

n - (R-l) ~ i] Ik m ( by Lemma 4 2, A [<t>) + A (0) 2: C(R+2 l,n-R+l-ij) 

R+l R+2 


( ISO II 


Suppose A (0) = 0 Hence all the vectors in B (0) are 
R 1 2 


( oven d bv tin i odt words having weight at least R Let be as defined m 


Case I above Here | s^ | = R for t = 1 2 i+l Hence 


n - R - ij 


The 1-subsets and 2-subsets of S° are the vectors in B (0) which remain 

2 

uncovered Thev have to be covered by the codewords of weight (R+l) or 

(R+2) The problem of covering all 1- and 2-subsets of a given set of 

cardinality (n-R-ij) by (R+l)- and (R+2)-subsets of the given set with 

covet ing t id ius R, is equivalent to the problem of covering all of the 

2-subsets of a set of cardinality (n-R+l-ij) by only (R+2)-subsets Thus 

A (0) + A (0) a C(R+2 1 n-R+l-ij) ■ 

R+l R+2 

Corollary 4 6 If 1 < n-R+l-ij * R+2, then A r+j (x) + A r+j (x) ^ 1 for any x 

6 Y n z 

J 11 i 

Proof Since n-R+l-ij 2= 2 at least one vector of weight two having 
(nonzero coordinates in S c remains to be covered by a codeword of weight 


(R+l) oi (R+2) Hence A (x) + A (x) £ 1 

R + 1 R+2 


Lemma 4 7 Tot every X e Y n Z EJB (x)) a e where 

J 1 C, 2 lj 

c u = (l+1)[1 + (n-R+l)R + 2 1 + R 2 2 ) C(R+2,1 n-R+l-ij) 

Proof Lit c e C If d(x c) e <R - l R} then 

|B 2 ( xJ n B r (c)| = 1 + (n - R + 1)R + ^ 

If d(x c) e <R-1 R+2> then j B (x) pj B (c) I = 

2 R 

If d(x c) R+2 then |B (x) p| B (c) I = 0 

2 R 

Now the result follows from (2 8) and Lemma 4 5 notably 


- V(n,2) 




'R+2' 


( x ) ) = £ |B (c) p| B (x)| - |B (x) 


t sc 


A (x) + A (x) 

R-l R 


1 + (n-R+1) + 
(R+2 


(?) 


A (x) + A (x) 

R+l R+2 


V(n 2) 


a ( l+l) 


1 + (n-R+l)R + 


'R' 


fR+2l 
2 


C(R+2,1 n-R+l-ij) - V(n,2) 


Theorem 4 S Let n i 2R + 1 Then 


vt d t > (V(n , 2 ) - n + e)2 

Mn KJ (V(n,2) - p)V(n,R) + eVtn R-2) ’ 


where i = C(R+2,1 n-R+1) 


fR+2l 
2 


n-R+1 
2 


H = 2 + n(R-2) - 

l 


'R-2' 

, u = min -1 

f e - c \ 

4 + U ) 

2 

V. J 

' *2 1 
2 1*1 ' 

l J 1 J 


l^j^R 


if R = 1 


and n ~ 


min R ~ 2 


where A and e are as in Lemma 4 3 and Lemma 4 7 respectively 
J U 


Proof Substituting tht bounds for excess E c (B 2 (x)) obtained by Lemmas 4 4 
and 4 7 in ( l 8) we get 


E C r (B z (x)) = l C r (B (x)) + £ E (B (x)) 

xeA xeAXZ ' xeAfjZ 2 

R 

= l E r (B (x)) + I l E E (B (x)) 
xsA\7 j=i i>0 xeY flZ 

R R 

ac <|A| - E E I Y n z I ) + E E e |Y nz 

J = 1 l>0 J 1 J=1 1>0 1J J 1 

In [31] Honkala his shown that for z e Y 


| \ f) B^l •') ) i \ In 7) - where n = 2 + n(R-2) - 


IJ mg Luiinu 4 3 (4 0) (4 7) and (4 9) we have 


E I f (B (x)) = E E >l z n B <*)| 

xgA xcA i s 0 

3 E 1 E i A n B ? (z) l 

1 zeZ 

i 

R 

S E ‘ E (V(n,2) - u) + E E 1 E (V(n2) - A 

l zeYpZ i j=l i>0 zeYpZ i 


Combining this with (4 8) gives 


e( | A | ) s l i|Y n Z,|(V(n,2) - 


* E E *|Y n Z|(V(n,2) -h + 
J = 1 1> 

i e e( | A | ) s (V(n 2) - ft) E *| Y H Z J 

l 

R 

+ (V(n,2) -fi) E E i| Y , 0 Z J 

J=1 i 


where g is as defined in the theorem Hence 


e | A | i (V(n,2) - E 1 1 z , I •* 

i>0 


(4 8) 


(4 9) 



iince I A I a ^ - |C|V(nR-2) we have 

t( 2 n - |C | V(n,R-2) ) s (V(n 2) - p)(|C| V(n,R) - 2 n ) 
rom whit ii the result follows m 

xamplc 4 1 M >4 U * 8128 

In this case = 26 = 3 + j(3-j) + e = 39 ^ = -4 and hence 

- -4 Using these quantities in Theorem 4 8 , we have 

i 

K(24,3) & 8128 

hereas 8123 is listed in [14 Table 6 1] 

emark In [79 ) , van Wee has conjectured that K(24,3) = 8192 Observe 
rnt the sphere covei ing bound gives K(24,3) 2 = 7217 only 

xamdple 4 2 K(19 3) £ 513 

In this cast ^ = 21, = 3 + j(3-j) + ^ , c = 24 ^ = 16 and hence 

= 16 Using these quantities in Theorem 4 8 , we have 

K(19 3) £ 513 

here 511 is listed in [14 Table 6 11 

The above example provides a simple proof of the following corollary 
at has already been proved in [14] 

irollary 4 9 t[19 9] = 4 

oof From Example 4 2, K(19,3) * 513 > 2 9 1 e the binary code [19,913 

es not exist Since 3 t[19 9] * 4 (see Table 1 [22]) we have t[19 9] 

4 ■ 

ten applied to particular values of n and R, Theorem 4 8 gives the 
llowing nineteen imprqvements The values of C(k,l v) are from Table 2 1 
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Corollary 4 10 


K(27 2) 2 380463 (380328) 

K( 19,3) 2 513 (511) 

K(24 3) a 8128 (8123) 

K(26 3) 2 24235 (24210) 

K(2S 3) s S0S35 (80720) 

K(33 3) £ 1516208 (1516050) 

K( 1 4 4 ) >16(15) 

K(23 4) 2 909 ( 903) 

M ; 6 4 ) a 4270 (4263) 

K(28 4) 3= 12410 ( 12370) 

k(33 4) a 193273(193045) 

K(28 5) S 2641 (2629) 

K(?0 b) 2 24 (23) 

K(26 6) 2 275 ( 272) 

KHO 7) 2 486 (483) 

K(26 8) 2 36 (35 ) 

Ml » S ) 2 369 (366) 

K(29,9) 2: 43 (42) 

Mi 1 10) 2 53 (51 ) 



Hu uunibt i within par tntheses are the known lower bounds for K(n R) (see 
fable e. 1 [14] ) 




CHAPTER V 


LOWER BOUNDS FOR q-ARY COVERING CODES 

In th< preceding chapter we have discussed the lower bounds for 

K(n R) ind have obtained nineteen improvements in the existing lower bounds 

for K(n R) (14 Table 6 1] In the present chapter we extend the 

techniques used in Chapter IV to the case q > 2 q € IN by relating group 

covering designs to q-ary covering codes This in addition to some other 

counting ai guments gives a better estimation for the excess than those of 

Lemma ’ 1 5 t oi manv pair of values of n and R It leads to improvements in 

the existing lower bounds for K (n R) in some cases 

q 

Throughout this chapter, we assume that C is a (qnM)R code q a 3 

Also rrrall that the alphabet F is the set {0,1, q-l> Let (X 'S B) be a 

q 

group covering design GC(k m n] where X is a finite set of mn elements *§ = 

{G ,G G } is a partition of X where each part G (called groups) is of 
1 2 n 1 

si?e m and B is a collection of k-subsets (called blocks ) of X such that 
every unordered pair from distinct groups of & is contained m at least one 
element of B and |B ( p G^| si for every B j e B and G^ e 'S The group 
covering number G(k m,n) is defined as 

G(k m,n) = min <|$| (X,£,2) is a GC[k,m,n]} 

We now use the quantity G(k,m,n) to derive a linear inequality for C For 

x € F n , let 
q 

A(x) = |{ c € C d(x,c) = i }| 

For x = <p the element of F^ of weight 0, we will simply write A r instead of 
A (0) Throughout this chapter, we denote 

R 



A 5 f x e F" d(x C) 2 R - i } 
and Z is as in (2 10) t e 

Z = { x e | Br (x) n c| > 1 > 

Wc 'say that m clement x e F n is covered by a word s e F n or by set 

q q 

S £ F if d(x s) £ R or d(x S) = min d(x s) s R respectively The set of 

seS 

points cover id by S is denoted by B r (S) In the following lemmas we analyze 

how the spherr B (x) of radius two is covered by the spheres B (C) 

*• R 

Lemma 5 1 Let x c F^ Then for any code with covering radius R and n & 
2R+1 wo have 

mln {'W x) A o lxl = = \. 2 (xl = V* 1 

= a r+( (x)= 0 A r _ i (x) ■ 1 | s G(R+2 q-1 n-R+1) 

Proof Without lews o( generality (w 1 o g ) x = <j> (we can always use a 

suitable translation) Asssume that wlog c is a codeword of weight 

R-l satisfying c(R) = = c(n) = 0 All the elements of weight one in 

B (<p) ai e covered by the codeword c Any element y e F n of weight two in 
z q 

B ? (</>) is covered by c if y(i) * 0 for some 1, 1 ^ l ^ R-l For any x e 

let the set <3 = {(i,a), lspsn, a 6 F \{0) x(i) = a} represent the element 

q 

x Then the uncovered elements of weight two are all pairsets {(i a) (j £)} 

i*j, of the set X = {(i,a) a e F \{0}, R ^ i < n} Those elements must 

q 

be covered by codewords of weight R + 2 Let ^ = {G r G r+i> .G^) where for 
every j R^jSn G^ = {(j,a) a e F^\{0}} Clearly S is a partition of X 
|g| = n - R + 1 and each G € § is of size (q - 1) From the definition of 

A a G(R+2, q-1, n-R+1) ■ 

R+2 


G(k,m n) we must have 



Lemma 5 2 Let R+2 s n s 2R Thpn . 

inen, tor any code with covering radius 

R > 1 and for my x e F n we have 

q 

mm {\ 2 (Xl V*’ * - \_2 (X) ’ 

A r (x) = A r ( (x) = 0, A r i (x) = l| > G(n-R+1 q-1, n-R+1) 

Proof VV 1 o p wc assume that x = 0 Let c be the codeword of weight R-l 

satisfying c(R) = = c(n) = 0 For any x e F n let the set S = <(i a) 

q 

a 6 1 — i — n xti) = a} represent the element x Hence the uncovered 

elements in B (0) are all 2-subsets {(i a) (j (3)}, i * j 0 f the set X = 
(Ci <x) as F MO} R^isn} Those must be covered by codewords of weight 

R + ’ Situ ( n-R + lvR + 2 it is always better to use only codewords 
c' of weight R + 5 with c'(i) * 0 for all i R < i < n and let d = 
{ c c c„} bt such a collection of codewords Let S = {G G } be a 

1 < ( R n 

partition of X whei c for each j R s j s n G={(ja) asF \{0}} For 

J q 

each a e d It t B 5 \ be such that for j e {R n} (j a( j ) ) s B p| G 

3 3. J 

Clearly |B | = n-R+1 Let 5 = {B a s d ) It is easy to verify that 
(X S 2?) is a group covering design GC[n-R+l,q-l n-R+1] From the definition 
of G(k,m n), we must have 

d\ = U G(n-R+1, q-1, n-R+1) 

Thus the result follows ■ 


Lemma 5 3 Let x 6 Then for any code with covering radius R and n 

q 

=5 2R+1, we have 



(x) 


A (x) = 
o 


= A (x) = A (x) 

R-Z R 


= A (x)= 0, A (x) = 1 
R»Z R“1 



T n - R + 1 

"(n-R) (q-l)T 

• ^ 

/ 

R + 1 

R 


= a (say) (5 1) 

o 


min 



Proof W I o h It t x = 0 Let c e C be the codeword of weight R - 1 
satisfying c(k) _ c(n) = 0 Clearly all the elements of weight one 

m B ? (0) in covered by the codeword c Also any element y «= F n of weight 

q 

two in B (<fi) is covered by c if y(i) * o for some l, 1 ^ i rs R - i The 
unrow red < 1< ments of weight two are all which have both of its nonzero 
entries y(M ind yf^) with R s ^ ^ s n Those elements must be 
covered by codewords of weight R+l Let S = {s e C wt(s) = R+l} covers all 
such remaining elements of weight two in We want to calculate the 

minimum cardinality of S 

Consult! a |S| > n matrix A {= (A^))whose row vectors are the elements 

of S CUulv the number of nonzero entries in A is |S|(R+1) We claim 

tint < uh < olurnn j R ^ j i n of A will have at least f(n-R)(q-l)/R] nonzero 

entries ( omider the rows of A say m in number such that for a fixed j 

J o 

R - s n A * 0 W l o g let j = R Consider the m x n submatrix B 
0 lJ o 0 

of A with ill such rows Observe that for all i 1 s i s m B * 0 The 

1R 

number of nonzero entries in the submatrix B is m(R+l) Suppose for some i 
R+l ^ < n the number of nonzero entries in the £th column of B is 

(q-2) say 

B „ = b , 1 £ l £ q-2, b e F \{0} 

it i i q 

Let B = a 1 s i s q-2 a e F \{0} Then there exists an element d e F n 
1R 1 1 q *1 

of weight two with its nonzero entries d(R) * a and d(£) * b^ 1 - 1 - q - 2- 
which will remain uncovered Hence, every column j R + l^j^nin the 
submatrix B has at least (q-1) nonzero entries By counting the nonzero 
entries of B, we have 

m(R+l) ^ (n-RKq-1) + m 


Since m is an integer, we have 



m * [ | 

Now counting the nonzero entries of A we have 

| S | (R+l) £ (n-R+1) [(n-RKq-D/R] 


1 e 


1 c I > 

'n-R + 1 

' (n-R ) (q-1) I' 

l b l 2 

R + 1 

R 


Lemma 5 4 Let x 6 f" Then for any code with covering radius R and R < n 
< 2R we have 


min 'f A 1 U j (x) \) (xI 


= A (x) = A (x) 

R-2 R 


= A (X) = 0 A d (x) = 1 \ = q " 1 
R ? R-l J 

Proof W 1 o p let x = 0 Let c e C be the codeword of weight (R-l) 
sati lying c(R) » c(n) = 0 Following the argument as in Lemma 5 3 

the untoviMd iluncnt in B ? (0) are only those elements of weight +wo 
which havt both its nonzero entries in the last (n-R+1) coordinate 

places Let S - (s e C wt(s) = R + 0 covers all such elements We claim 

that the cardinality or S is at least q-1 Suppose that |S| = q-2 Let for 
all s S »,(.,) - a, a,t> 2 > = V,. R a < ‘2 * " “ d *■ b > * L Tt '“’ 

theie will be in eleimnt y a r" s uch that - v ' V - a a ^ q 

where for all l, 1 * . * ^ and S * b, Clearly, the d.stanee of 

y from S will be at least R + 1 a contradiction Hence |S| s q - 1 Also 

the set S - to, a C 1- .-Q-1 •«•,> = R + “ Wlth S . (J> ’ ‘ ‘ 

i n f a\ i aft uncovered, by c (Note th&t in. 
j s n covers all the elements in 2 0 

a- nf c ‘ c will occur in the first R 1 
case n < 2R some nonzero entries of s { 

coordinates ) Thus the result follows 



Lemma 5 5 Ut x 6 A\Z d(x C) = R-l |B r+i (x) f] C| = 2 and let n a 2R+1 
Then 


min 


\ (x) 

R 2 


> 

- 

'R + l 

" ( n-2R ) (q- 1 )1 

A (R + l )(q-2) 

" ( n— 2R) ( q — 1 ) + R(q-2)" 


R + 2 

R + L 

R+2 

R + 1 




(n-?R)(q-l)f ( n-R) (q- 1 )]’ 
R + T R + 1 


5 <5 (say) 
0 


(5 2) 


Proof Wf i jUitk that w 1 o g x - <p Let c and c be the codewords of 

1 2 

weight (R-l) mcl (R+l) respectively and w 1 o g let c (l) =0 R < i < n 

Clearlv all the elermnts of weight one in B^(<f>) are covered by c Also 

any t lenient y 6 F n of weight two having a nonzero entry y(i), 1 < i s R-l is 
a 

covered bv c Only the elements y e F n having both of its nonzero entries 
i q 

y(i land y ( i > ) R £ ^ < i^ s n will remain uncovered by We assume that 
wing c (i) 0 i oi all i lsiiR-1 and 2R+Lsi:sn and c^lj) = a^ e F^\{0> 

R < ] a ?R Ih nri the elements of weight two in E 3 (0) which remains 

uncovfifd by c ( nui c 5 arr the fallowings 
(i) All the elements of weight two with at least one nonzero entry in the 
last (n-?R) coordinate places and no nonzero entry m first R - 1 
coordinate place 

(a) All the elements y e F n of weight two with y(i ) 6 F \{0 a }, y(i g ) 6 

A 4 l 

F \{0 a } R £ l < 1 & 2R 

A 12 

We now use a counting argument discussed in [12, Lemma 5] to calculate the 
minimum number of codewords of weight R+2 required to cover the elements m 

B [(b) left uncovered by c and c 
2 12 

Let S = {s 6 C wt(s) = R+2) covers all such elements of weight two We 

count in two different ways the number of triples (i a,s), R " 1 “ n a e 

F MO) s e S and ,(i) - a For an, fixed a a S the number of such triples 

A 

, , » nrorrric nf a; mav have nonzero entries among 

will be at most R+2 (since some words of 5 m y 



the first R-l coordinates) Hence the total number of such triples will be 

at most. JS|(R+ 9 ) Suppose then that 1 and a are fixed We consider the 
following two cases 

Case I 1 1 1 R s 1 £ 2R Foi every pair (j |3) 2R+1 £ j £ n ft e 
(F \{Ol th< r < i it le lot one s e S such that s(i) = a (the nonzero ith 

i 

coordiniU of c ) s(j) ~ [3 and for any s e S with s(i) = a there are at 

most R+l such pairs (j (3) Therefore for fixed i and oc {in the present 
cast a = i^) there are at least f(n-2R)(q-l)/{R+l)] such triples Hence the 

total number of such triples (i a^s) with s(i) = a. R s i s 2R will be 

(R+l)[(n-2R)(q-l)/(R+l)] (5 3) 

Now for inv pm (i a) R i i i 2R as F \{0 a > there will be 

q 1 

(i) (n- ? R)(q-i) pur 5 (j f3) where 2R+1 < j £ n and P e F \{0) 

q 

(a) R(q >) pnr r (j ft) whore P e F \{0, a >, R s j < 2R j*i 

^ J 

which will b< coveted by the elements of S 

Hence the tat il number of such triples (i a s) such that s(i) = a e F^\ 

{0 a ( ) with R £ l s 2R will be at least 


(R+l)(q-2) 


f(n-2R)(q-l) + R(q-2) 


(5 4) 


Case II Let 2R+1 s l ^ n For fixed pair (nr) a e F^\{0} there 
will be (n - R)(q - 1) parrs (j ,13), R * j s n, j * L ft e F\{0> which are 
covered by elements of S Hence the total number of triples (i,a,s) with 
2R+1 £ i < n s e S and s(i) = a e F q \(0) Wlil be 

(n-2R)(q-l)[(n-R)(q-l)/(R + D] (5 5) 

Combining (5 3) (5 4) and (5 5), we have 


I S | (R+2) fc (R+l) 


(n-2R ) (q-1) 
R + 1 


+ ( R+l ) (q-2) 


(n-2R)( q-1) + R(q~2)' 


R + 1 


+ (n-2R)(q~l) 


(n-R ) (q-D 
+ 1 


R 




i e 


‘ R + 1 

"(n-2R ) (q-2)"] 

, (R+l ) ( q-2) 

( n— 2R ) ( q — 1 ) + R(q-2)1 

R + 2 

R+l 

R+2 

R + l j 


+ 


( n-2R) ( q-l ) f ( n-R ) (q-1) 
R+2 R + 1 


Lemma 5 6 lit x e \\Z d(x C) = R - 1 and let |B (x) n Cl = 2 If R+2 

'R+l 11 1 

£ n s 2R then 

\ (x) £ G(n-R+1 q-2 n-R+1) 

R+2 

Proof W 1 o p let x = 0 Let and be the codewords of weight R-l and 

R + i i LSprrtnely and let c satisfy c (R) = = c (n) = 0 For x s F n 

11 1 q 

we use the set S = {( l a) € F MO} 1 ^ i s n x(i) = a} to represent the 

q 

eltrtu nt x lhntf the elements in B z (0) which remains uncovered by are 

all i~subs( t' 111 ix) (j ft)) i*j of the set X = {(i a) as IF^MO} R - 

i s n) W 1 o p we assume that c ? (i) * 0 for all i, R ^ i - n Let T = 

{(j p) R * j a n c,(j) = |3> Clearly the elements in B 2 (<f>) which remain 

uncovmd by c and c 2 ire all the 2-subsets {(i,a) (j,|3)} i * J of the 

set X = V \ 1 Those elements must be covered by codewords of weight R+2 

Let ff = {G G G ) be a partition of X where each part G is the set 

R R*1 n J 

{(ja) a e F MO c (j)» Clearly |G | = q - 2 Following the proof as in 
q 2 J 

Lemma 5 2, we have 

A (x) £ G(n-R+1 q-2. n-R+1) ■ 

R+2 


Lemma 5 7 Let C be a code of length n and covering radius R with n £ 2R+1 


For any x e (F n let x e A\Z, d(x,C) 
q 

W x > * to-v 2 

Proof W 1 o g let x = 4 > Let 
satisfying c(R) = = c (n) ~ 


R - 1 and let |B D (x) f] C| = 3 Then 

K+l 

c be the codeword of weight R-l 
Hence, the elements in B^x) which 



remains uncovered by c are all v e F n nf + , , , 

y 6 \ 01 weight two which have both its 

nonzel 0 cntl ,es rrom ■ >mo "8 l»st n - R ♦ 1 coordinates w 1 o g let a 
and b be the < odewo, ds of weight R + 1 satisfying a (.) - b(i) = 0 for all , 

1 £ i s R - 1 Since n a 2R ♦ 1 »(,_) = 0 and bly = 0 for some > 2 e 

(R R+l n) If i f » l , then all y € F“ of weight two such that y(i ) * 

q i 

0 and y(n * 0 remain uncovered by c a and b There are (q-1) 2 such 

elements of weight two and those must be covered by codewords d of weight 

R + ? with df i ) = y ( i ) and d(i ) = y(i) Hence A > (q-1) 2 If i = 

^ 2 R+2 M 1 

^2 ~ *g then all y € of weight two with y ( s 0 and y(j) ^ 0 j ^ l 
and R — J —arc main uncovered by c a and b Those must be covered by 

code worth d of weight R+2 with d(i Q ) = y(i ) and d(j) = y(j) and the result 

follow ■ 

Lemma S 8 lit f bi a code of length n and covering radius R with R+2 < n 

- ? R lot uiv x e F n , let x 6 A\Z d(x C) = R - 1 and let I B (x) n Cl = 

q 1 r+i 1 1 1 

3 ‘I he n A (x) & (q~3} ? 

K+? 

Proof W 1 o g let x = <p Let c be the codeword of weight R-l satisfying 

c(R) = = c(n) = 0 The elements in B (0) which remains uncovered are 

all the elements of weight two which have both its nonzero entry in the last 

(n-R+l) coordinate places W 1 o g we assume that and c ^ be the 

codewords of weight R + l with c (l) * l) * 0 for R £ i s n (Note that 

some nonzero enti y of c and c will be from the first (R-l) coordinate 

places if n < 2R) Hence, the elements in B i<f>) which remains uncovered by 

c, c and c are all the elements y e F n of weight two such that 
l 2 q 

(i) y(i) e F \ {0, c (i), c (i)>, 

q 1 2 

(u) y(j) € F \ {0, c ( j), c (j)> 

q 1 2 

where R s i < j s n Those elements must be covered by codewords d of 


wu g ht R + 2 with d(i) = y(.) and d(j) = ,(j) Thus the result follows . 

From I emm i 5 3 the following corollary is immediate 
Corollary 5 9 Foi n i 2R + 1 and x e A\Z let d(x C) = R - 1 and let 

|B (x)fi r l=i If J < i < a then A (x) £ 1 

N+l 0 R+2 

I i mini 5 4 j?iv<s th< following corollary 

Corollary 5 10 Fo. R + 2 < n < 2R and x e A\Z let d(xC)=R-l and let 
|B (x) n r l = > If 3 < i < q - 1 then A (x) a 1 

K 1 R+2 

Lemma 5 11 Tor n = 2R+1 and x s A\Z let d(x,C) = R and let IB (x) n C| 

R+l 11 

= 1+1 when l = f(n-R)(q-l)/(R+l)] = q - 1 Then, 

^ > T R(q-^) PCn-R ) (q-1 )1 ( n — R ) ( q— 1 ) |"R(q-2)T 

R f R~+ R+l R + 2 R+l 

_ r 11 'III 

R(q-2)(q-l) (n-R)(q-L) R(q-2) 

R+2 R+2 R+l 

3 y (s ay) | 

! , 

Proof Wlog let x = <p Let c be the codeword of weight R satisfying f 

1 I 

c(R+l) = = c(n) = 0 The elements of weight 1 having the nonzero 

entry from the last (n-R) coordinate places will remain uncovered by c 
Those must be covered by codewords of weight R + 1 Since |B (x) f] C| = 

K+l 

f(n-R)(q-l)/(R+l)] +1, i e there are f(n-R)(q-l)/(R+l)] codewords of 
weight R + 1 evei y such codeword d must satisfy d(i) = 0 for 1 - i - R 
The elements in B^(0) which remains uncovered by such codewords of weight 
(R+l) and the codeword c, will be all elements of weight 2 having exactly 
one nonzero entry from the first R coordinate places distinct from the 
nonzero entry of c Those must be covered by codewords of weight R+2 
Following the same counting argument as in the proof of Lemma 5 3, the 
result can be easily verified * 



Lemma 5 12 


Fot R & 2, n = 2R + 1 and 


x e A\Z, let d(x C) = R and let 


I B r*i ( x) n r ! = *0 + 2 where ‘o = r<n-RXq-l)/(R+l)l = (q-l) Then A * 

R+2 

(q— 3 ) ( q-l ) 


Proof W1 up 1< 1 x = <j) Let c be the codeword of weight R satisfying 
c(R+ D " ~ _ ® Since |B (x) f) C| = i +2 there will be i +L 

K+l o o 

codewords of vu ight R + 1 and these codewords must cover all the elements in 
of w< 1 Cht 1 with its nonzero entry from among the last (n-R) 


cooi din it< pines let C = (c c 

1 2 


c } be the collection of such 
q 


codewords of weight R+l Since each element of weight 1 with its nonzero 

entry unonp the la c t (n-R) coordinates is covered by at least one codeword 

of ( ind inu < u h coordinate position can have (q-l) distinct nonzero 

entile at most (R+l) nonzero entries of the elements of the collection 1? 

will be thin in the first R coordrnates Thus there will be at least one 

cooi dmitc portion J 1 £ J £ R such that c^J) * 0 say /3 for at most 

one element c of ( Hence the coordinate position J will have at most two 

nonzero enti it s say a (= c( J ) ) and 3 (note that a and 3 may not be 

distinct) Hence elements y 6 F n of weight 2 such that y(J) e F \{0 ex (3} 

q q 

and y(k) e F MO} for k e {R+l ,n> will remain uncovered by the codewords 
q 

c, c , c Those must be covered by codewords d of weight R + 2 with 

i q 

d(J) = y( J) d(k) = y(k) and hence, there must be at least (q-3)(q-l) such 


codeword-. ■ 

Following the same methodology as discussed by Chen and Honkala [12] 
we give a better estimate of excess in comparison to Lemma 2 15 [12 Lemma 
5] for few values of q n and R by using the results proved so far Using 
the notations as m [12], we denote 



Y = 


z 6 Af)Z the code - z+ |B r (z) fj Cj 

has the property that every two of its words agree in at least j 
nonzero coordinate places and that there are two words agreeing in 
pri cisely j nonzero coordinate places j- 
Obsorvi that Y q Y ; Y r ( form a partition of AqZ 

M = 1 + ntq-l) + (R-l)(n-R/2)(q-l) 2 
R 1 


M = 1 + R(q-l)(n-R+l) + 
R 


(q-1) 


M 


R 1 


(R+2\ 
2 


+ R(R+l)(q-2) 


i (\) 


fM 


-x/ 

[ R fll 

l 2 j 



2 j 


+ x 


if x s 0 
if x > 0 


/ Mx c F" |B (x)f)C| = i+l> 

\ q R 

> - / n l \ i (c) 

l = [•(n-R)(q-l)/(R+l)l C Q = ' (n-R)(q-l) 

In [1?1, Chen and Honkaia has proved the following lemma 
Lemma 5 13 [12 Lemma 6] If z e Y } f]Z [ then 

| A n B,(z)| * V (n,2) - Aj 


when A j = [*) + ( R 2 J ) + and 


E r (B (X)) 2: lA 
C 2 J 


where X ^ - 


'j' 


(q 


-l) 2 + j(n-j)(q-l) + ( R 'J )2 + ^~ 1] + 1 


We introduce the following notations 

CH (q,n r,i) = i(R+l) + r(M R .! + lM R+ f V q (n ’ 2) ~ UR+1)) 

- V (n,2) - iCR+1) ' 


CH^q.n r,i) = i(R+l) + E 0 


+ r(M R + (w 0 )M w q 



A(q n R) 


( a . 

' o 

q-1 


If n i 2R+1 then 


if n a 2R+1 (Lemma 5 3) 
if R+l 5 n s 2R (Lemma 5 4) 


5 


(q n R l) 



1 


if i = 1 (Lemma 5 5} 
if i = 2 (Lemma 5 7) 

if 2<i<A(q n R) (Corollaries 5 9 and 5 10) 


If R+2 ^ n ^ 2R then 


5 (q n R l) = 


G(n-R+1 q-2 n-R+1) 
( q-3 ) 2 


if l = 1 (Lemma 5 6) 
if l = 2 (Lemma 5 8) 


l'(qnRi) = 

^ ( q— 3 ) ( q— 1 ) 

W (q n R l) = M + lM 

1 1 R-l R+l 

W (q n R l) = M + (l+i )M 

2 R 0 


if i = 0 and n = 2R+1 (Lemma 5 11) 
if l = 1 and n = 2R+1 (Lemma 5 12) 


+ 


5(q,n R,i) 


'R+2’ 

2 


V (n 2) 
q 


R+l 


+ ?(q n R l) 


R+2 

2 


- V (n 2) 
q 


Lemma 5 14 Assume that x e A\Z 

(l) If d(x C) = R - 1 and |B r+i (x) f| c | = 1 then 


E_(B (x)) a c = 
C 2 1 


'R+2' 

2 

\ 


7?(q n,R) 


n ^ +1 1 (q-l) Z where 


(a) If 3 s n-R+1 < R+2 then iiIq.n.R) = G(n-R+1 q-1, n-R+1) 

(b) If n-R+1 ^ R+2 then 7](q,n,R) = G(R+2,q-l,n-R+l) 

(n) If d(x,C) = R - 1 and |B (x) f] c l > 1 then 


E_(B (x)J £ e where e = mm e (l) and 
C 2 2 2 1^ 



( a > 

A(q,n,R) = J 0 

[ q-i. 

If n £ 2R+1 then 


if n £ 2R+1 {Lemma 5 3) 
if R+l s ni 2R (Lemma 5 4) 


<5 (q n R i) 


r <5 

(q-1) 2 




if l = 1 (Lemma 5 5} 
if i = 2 (Lemma 5 7) 

if 2<i<A(q n R) (Corollaries 5 9 and 5 10) 


If R+2 s n s 2R then 


5 (q n R l) = 


G(n-R+1 q-2 n-R+1) if l = 1 (Lemma 5 6) 


( q-3 ) 


if i = 2 (Lemma 5 8) 


y(q n R i) = 


if l = 0 and n = 2R+1 (Lemma 5 11) 


(q-3)(q-l) if l = 1 and n = 2R+1 (Lemma 5 12) 


W (q n R 0 = M + lM + <5(q,n R l) f R ! 2 ] - V (n 2) 

1 R+l ^ c J q 


W (q n R i) = M + ( 1+1 )M + y(q n R i) 

2 R o R+l ^ 


R+2 
v 2 , 


- V (n 2) 
q 


Lemma 5 14 Assume that x e A\Z 

(i) If d(x C) = R - 1 and |B (x) n Cl = 1 then 

1 R+l 11 1 

2 

(q-l) where 

(a) If 3 si n-R+1 < R+2 then 7j(q,n R) = G(n-R+1 q-l n-R+1) 

(b) If n-R+1 £ R+2 then rj(q n,R) = G(R+2 q-l, n-R+1) 

(n) If d(x C) = R - 1 and | B (x) f) C| > 1 then 

EJB (xp£ e where c = min e ( 1 ) and 
C 2 2 2 1 2 


EJB (x)) £ e = 
C 2 1 


R+2 

2 


t)(q n R) - 



max 


If IS 1*2 


e (1) = 
2 


jCH^q n,R,i), Wjq n R,i)j, 


CH (q n R,i) 


(m) If d(x C) = R Then 


otherwise 


E_(B (x) £ e where c = mm c (0 
C 2 3 3 13 


and 


c (i) = 

3 


max CH^( q n R i) W^(q n R l) 


[ CH (q n R i) 


if l = 0 1 

otherwise 


Therefore for any x e A\Z we have 


E JB (x) ) a c = minis £ s } 
C 2 12 3 


Proof We assume that w 1 o g x = <p In [12 Lemma 5] it has been shown 
that for x c e F n |B (c) n B (x)| = M if d(x c) = l i = R-l R or R+l 

q 1 R II 2 1 i 


and |B (c) f| B (x) j = 


R+2 


if d(x c) = R+2 


(l) For x e A\Z and |B (x) C| = 1 we have by (2 8) 

R+ 1 


E c (B 2 (x)) = £ |B b (c) n B,(x)| - V(n2) 


csC 


= M + 

R-l 


'R+2l 

2 


A (x) - V (n 2) 
R+2 q 


fR+2l 
2 


7)(q n R) - 


( n-R+2) 
2 


(q-l) Z (Lemma 5 1 and Lemma 5 2) 


which proves the results 


(u) E C (B (x)) = l |B Z (X) n B r (c)| - V q (n2) 
ceC 

= A (x)M + A (x)M + A (x)M 

R-l R-l R R R+l R+l 

+ A (x)M -V (n 2) 

R+2 R+2 q 

If |B r ^(x)pC | =1+1 5: 2 then from the hypothesis A r ^{x)=1 and A r+i (x) = l 
In [12, Lemma 5], Chen and Honkala have shown that 


(5 6) 



Now the result follows from (5 6) and (5 7) 

(m) If d(x C) = R then from the hypothesis A (x) = 0 and A (x) =1 In 

R-l R 

[12 Lemma 5] Chen and Honkala have shown that 

E_(B (x)) iCH(qnRi) (5 8) 

C 2 2 

Now the result follows from (5 6) and (5 8) This concludes the lemma ■ 

If e = e then we have the following result from [12 Theorem 4] where 
e in [12 Theorem 4] is replaced by e calculated from Lemma 5 14 

Theorem 5 15 Assume that q a 3 and n > R If e = minle e e } = e then 

12 3 3 

(V ( n 2) - p + c ) q n 

fC (n R) > 3 

q (V (n 2) - p)V (n R) + eV (n R-2) 

q q q 


where c e e and e are as in Lemma 5 14 and 

1 2 3 


u = 
o 


R-2 
v 2 , 


(q-1) 2 + (R-2)(q-l)(n-R+3) + 2 ^ = 2R 2 - R + 1 - e 


M = 




min{p a } 
o *1 


if R = 1 
if Ri2 


Let 

A = (x € F n d(x,C) = R-l> 

1 q 

A = (x € F n d(x C) = R> 

2 q 

Clearly, A^ and A is a partition of A We follow the same proof as 
in [12 Theorem 4] with little modification to give the following result 
Theorem 5 16 Assume that q ^ 3 and n > R If e = mm{£ , e e ) = 

12 3 

min(c e > then 
1 2 

(V ( n,2) - p + e )q n 

. . CJ J 

K q (n R) * (V (n,2)~p)V (n R) + eV (n,R-2) + (e -e)V (n,R-l) 
q q q u q 


where s , c , c and e are as m Lemma 5 14 and 
1 2 3 




(R-2 


(q-1) 2 + (R-2)(q-l)(n-R+3) +2, jn = 2R 2 - R + 1 - £ 3 



if R = 1 


M = 




[ mm if R i 2 


Proof By Lemma 5 13 and Lemma 5 14 


E e c (b 2 (x)) 


R-l 


= I E (B (x)) + [ [ E E (B (x)) 
xeA\Z i j=o xeYpZ ( 


2: € A - £ 


R-l 

U Y. 

j=o 


j 


R-l 


+ < c 3 ~ c) I a 2 I + 1 £ iA ,l Y j n z , 

J=0 l 


In [12 Theorem 4] Chen and Honkala have shown that 


E E c ( b 2 ( x» = i E H z i n b 2 (x) ! = E 1 E I a n b 2 (x )| 

xeA xeA l i xeZ f 


s E i E (V (n 2) - u ) 

i xeY n Z [ q 


+ E E 1 E (V (n,2) - A ) 

j=o i xeY n Z i 


Combining these we get 


= |A| + (e - c)|A I i z 1 1 Y n Z, I (V <n2) - nj 

1 

+ Y £i|Y nz | (V InZ) - A - A * c 3 ) 

J=0 I J q 


In [12, Theorem 4] it has been shown that 

A+AsA+A= 2R 2 - R + 1 

j J o o 


If R = 1, then the set Y is empty Therefore 



e|Aj + (e 3 - e)|Aj £ (V q (n,2) - ji) £ i|Y Q Z | 

+ (V (n,2) - n) l i|Y n Z | 
q 1 J 

= (V (n,2) - /i) E i|Z I 

q Y 1 

= (V (n 2) - p)( jC|V (n,R) - q n ) 

q 1 1 q 

Since I A I a q n - |C|V (n R-2) and I A I £ q n - j C I V (n R-l) we obtain 

ii ' 1 q 1 2 1 1 1 q 

e(q n - | C I V (n R-2)) + (c - c)(q n - j C j V (n,R-l)) 

1 1 q 3 1 1 q 

s (\Mn,2) - | c l v £n R) - q n ) 
which proves the result ■ 

When applied to particular values of n and R, Theorem 5 15 and Theorem 

5 16 give the following improvements in the lower bounds for K (n,R) q == 3 

q 

Corollary 5 17 K (14,4) £ 255, K (9,4) £ 23 (21), 

3 4 

K (7,3) £ 32 (30), K (9,3) £ 330 (329), 

K 5 (9,4) £ 54(53) 

The values in the parenthesis are from [14, Table 6 2] 

Note 1 In [14 Table 6 2] the values K (9 4) and K (7,3) are from the 

5 5 

sphere covering bound Our results give an improvement to these values 
Note 2 The value K (14,4) £ 255 is also obtained by Habsieger, but we 

have obtained the same bound independently 


CHAPTER VI 


CONCLUSION 

In the present dissertation we have improved the lower bounds f or 
binary covering codes using simple observation of Zhang [88] and Honkala s 
[31] results The improvements are due to the use of covering numbers which 
have been studied extensively by many researchers 

To improve the lower bounds on q-ary covering codes we introduce a 
combinatorial design (called Group Covering Design) in the dissertation 
This design can be seen as a generalisation of covei mg designs We have 
shown that results on covering designs get generalised for group covering 
designs in many cases This leads to improvements in group covering numbers 
which results in the improvements of the lower bounds for q-ary covering 

codes The study on covering numbers for block size greater than or equal 

to five is still open Any further improvements in the covering numbers 

for block size greater than or equal to five will give us corresponding 

improvements in group covering numbers (Corollary 3 2 15) 

The idea of the group covering designs may be extended for getting 
improvements in the lower bounds for multiple/mixed covering codes and we 
feel that a better counting argument than those used in Chapter V will 
further improve the lower bounds for q-ary covering codes 
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